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Abstract The study of cosmological perturbation theory in
f (T ) gravity is a topic of great interest in teleparallel gravity
since this is one of the simplest generalizations of the theory
that modifies the teleparallel equivalent of general relativity.
In this work, we explore the possibility of a non-flat FLRW
background solution and perform perturbations for positively
as well as negatively curved spatial geometries, together with
a comparison to the flat case. We determine the generalized
behaviour of the perturbative modes for this non-flat FLRW
setting for arbitrary f (T ) models, when the most general
homogeneous and isotropic background tetrads are used. We
also identify propagating modes in this setup, and relate this
with the case of a flat cosmology.

1 Introduction

Over the last several decades, the Universe has not only been
measured to be accelerating [1,2] but to be expanding faster
than what would be expected using the �CDM concordance
model [3]. The most striking disagreement is highlighted in
the so-called Hubble tension. Here, model independent mea-
sures of the Hubble constant H0 from local measurements
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provide higher Hubble constant values, such as from the
SH0ES [4] and H0LiCOW collaborations [5], when com-
pared with flat �CDM predictions from the early Universe,
such as from the Planck Collaboration [6] or Dark Energy
Survey [7]. The broader spectrum of cosmological tensions
[8–10] has prompted a revival in theories beyond general
relativity (GR) with a renewed interest in the literature in
precision tests of these theories.

Teleparallel geometry [11] offers an alternative frame-
work to construct gravitational theories in addition to
curvature-based geometries [12]. This is achieved by using a
teleparallel connection �σ

μν [13–15], which possesses tor-
sion and has vanishing curvature, instead of the Levi-Civita
connection

◦
�σ

μν of a metric, which is torsion free but yields
a non-vanishing curvature of spacetime; both connections are
metric compatible (here and in what follows, over-circles are
used to denote quantities that are calculated using the Levi-
Civita connection). The result is an altogether novel compo-
sition of gravitational theories. Also, teleparallel gravity was
first used to construct a teleparallel equivalent of general rel-
ativity (TEGR) [16,17] which is dynamically equivalent to
GR. This means that TEGR and GR agree on all classical
tests but may differ when considering non-classical regimes.
Thus, the same evidence for GR also supports its teleparallel
formulation TEGR.

As in curvature-based theories of gravity [18,19], telepar-
allel gravity (TG) theories have emerged in various forms
beyond TEGR [13–15]. The most natural extension to the
TEGR action, defined by the Torsion scalar T , is f (T )

gravity where the Lagrangian is an arbitrary function of
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the TEGR Lagrangian. Analogous to f (
◦
R) gravity, f (T )

gravity provides different avenue to confronting the obser-
vational and theoretical challenges of �CDM cosmology.
Unlike f (

◦
R) gravity, f (T ) gravity is generically second-

order in derivatives and so offers an intriguing platform to
constructing gravitational models that are not exposed to pos-
sible unhealthy features resulting from high-order derivative
theories. Teleparallel geometry is also the basis for other
manifestations of teleparallel gravity theories such as New
General Relativity [20,21], f (T, B) gravity [22] (B repre-
sents the difference between the Ricci and torsion scalars and
is a boundary term) and f (T, TG) gravity [23–25] (TG rep-
resents the teleparallel analogue of the Gauss-Bonnet term).
There has also been a significant amount of work exploring
possible scalar-tensor extensions of TG [26–34] including
the coupling of pseudo-scalars (axions) [35,36].

Teleparallel and curvature-based geometries differ in
more than just by the choice of the connection. TG tends
to produce theories which have an explicit appearance of the
local Lorentz frame in the ensuing field equations [11,37].
To maintain Lorentz invariance requires the addition of an
dynamical spin connection ωA

Bμ in the gravitational action.
The corresponding six additional field equations determine
six degrees of freedom associated to Lorentz transformations
[38].

The aforementioned local Lorentz invariance implies that
locally it is always possible to find a Lorentz transforma-
tion such that after this transformation the spin connection
coefficients vanish; this Lorentz gauge choice is called the
Weitzenböck gauge. Choosing this gauge, the six Lorentz
degrees of freedom are contained purely in the tetrad field,
which is then determined by the field equations. Neglect-
ing this fact would severely constrain the applicability of the
teleparallel geometry [14,39]. A constructive approach how
to obtain the Weitzenböck gauge follows from its geometric
interpretation [40].

The covariant formulation of theories in TG can thus pro-
vide a suitable base on which to study gravitational systems.
In the TEGR formulation of TG, all solutions appear in the
Weitzenböck gauge due to the form of the theory. More-
over, they also feature healthy perturbations at all orders
[13]. However, perturbations in f (T ) gravity about some
solutions have led to higher perturbative order terms interact-
ing with linear perturbations thus showing strong coupling
for such spacetimes [41]. This has led to serious concerns
about the perturbative structure of f (T ) cosmology about the
flat Friedmann–Lemaître–Robertson–Walker (FLRW) cos-
mology [42]. The issue has also been found in perturbations
about Minkowski spacetimes [43,44]. The source of the prob-
lem is related with the degrees of freedom of the theory not
appearing at linear order in these solutions [45,46]. The issue

has not been studied beyond f (T ) gravity but may appear in
some branches of these theories.

It is hence crucial that the scale and scope of possible
strongly coupled solutions be further studied in f (T ) grav-
ity to better understand their impact on physical settings.
In this work, we explore cosmological perturbations about
a non-flat FLRW cosmological background [47] to assess
whether it is strongly coupled. This is important not only to
examine whether strong coupling has also infiltrated non-flat
cosmologies but also due to recently renewed interested in
these cosmologies [48,49]. We do this by first briefly review-
ing the foundations of f (T ) gravity in Sect. 2 which is then
expanded to include the perturbation strategy in Sect. 3. The
main results are contained in Sect. 4 where we present the cos-
mological perturbations about a non-flat FLRW background
and in Sect. 5 where we discuss the consequences of our anal-
ysis for the perturbative scalar degrees of freedom. In Sect. 6
we conclude with a discussion of our main results and the
issue of strong coupling in this setting.

2 Teleparallel gravity and f (T )

Teleparallel gravity is solely based on the torsion of the con-
nection of spacetime, in contrast with GR which is based on
its curvature. This is done by replacing the Levi-Civita con-
nection with the Teleparallel one and thus, we end up with a
new framework for the gravitational interactions with which
we can construct new theories of gravity. The gravitational
field in curvature based theories is measured by the Riemann
tensor and its contractions; in Teleparallel theories the cur-
vature and thus the Riemann tensor itself, vanish identically
and gravity is measured through torsion.1

The dynamical variable in General Relativity is the met-
ric tensor, gμν , and it encodes all the necessary information
for the gravitational field, since using it we can calculate not
only the Levi-Civita connection but also the Riemann ten-
sor. In the Teleparallel framework the metric is substituted
by a tetrad-spin connection pair, {eAμ, ωA

Bμ}, where the
Greek indices denote coordinates on the general manifold
and Latin indices on the local Minkowski space, ηAB , where
ηAB = diag(−,+,+,+). The tetrad eAμ (inverse tetrad
EA

μ) is used to raise Minkowski space (general manifold)
indices to the general manifold (Minkowski space) through
the relations

gμν = eAμe
B

νηAB and ηAB = eA
μeB

νgμν, (1)

and they also satisfy the orthogonality conditions

eAμeB
μ = δAB and eAμeA

ν = δν
μ. (2)

1 Note that, the Riemann tensor calculated with the teleparallel connec-
tion vanishes, while the one calculated with the Levi-Civita connection
does not.
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The local Lorentz transformations (LLTs) on the local
Minkowski space, �A

B , dictate that the tetrad has 6 extra
degrees of freedom (DoFs) compared to the metric and thus
different tetrad can reproduce the same metric.

GR can be expressed also in terms of the tetrad formulation
[50], however it is not so common. The teleparallel connec-
tion though, that has no curvature and is metric compatible,
is expressed in terms of the tetrad and the spin connection as

�λ
νμ = e λ

A ∂μe
A
ν + e λ

A ωA
Bμe

B
ν, (3)

where ωA
Bμ is a flat spin connection that satisfies

∂[μωA|B|ν] + ωA
C[μωC

|B|ν] ≡ 0. (4)

The spin connection is flat and metric compatible and the
theory remains covariant. It is always possible to choose a
gauge such that this spin connection vanishes identically,
ωA

Bμ = 0; this gauge is called Weitzenböck gauge. In any
other gauge the spin connection can be written as

ωA
Bμ = �A

C∂μ(�−1)C B, (5)

and thus it is a pure gauge DoF.
As already discussed, gravity in the teleparallel framework

is mediated through torsion. Hence, it would be helpful if we
defined a tensor to replace the curvature tensor used in GR.
This torsion tensor is the antisymmetric part of the connection

T A
μν = 2�A[νμ]. (6)

The scalar that appears in the action of the Telleparallel
Equivalent of General Relativity is called the torsion scalar
and is defined as

T = 1

4
T ρσμTρσμ + 1

2
TμσρTρσμ − T ρ

ρσ T
μ

μ
σ . (7)

Its relation with the Ricci scalar, calculated with the Levi-
Civita connection is given by
◦
R = −T + B, (8)

where B is a total divergence term define as

B = 2

e
∂ρ(eTμ

μ
ρ), (9)

where e is the determinant of the tetrad eAμ. It should be
noted once again that the total curvature of the spacetime,
meaning the Ricci scalar calculated with the general telepar-
allel connection vanishes identically, i.e. R = ◦

R+T−B = 0.
Overcircles refer to quantities computed with the Levi-Civita
connection.

From Eq. (8) it can be realized that at the level of the
action, the only surviving term in the functional integral will
be the torsion scalar, since the total divergence term will not
contribute. Thus, at the level of equations, the two theories
are equivalent. An interesting characteristic of the TEGR is
that it can be formulated as a gauge theory of the translation

group. The action of the theory in the presence of matter
reads

S = Sg + Sm = − 1

2κ2

∫
T e d4x +

∫
Lme d4x, (10)

and the associated equations of motion are derived by varying
the action with respect to the tetrad eAμ and are

EA
μ = 1

κ2

[
1

e
∂σ (eSA

μσ ) − T σ
νASσ

νμ

+1

2
eA

μT + ωB
AνSB

νμ

]
= 
A

μ, (11)

where EA
μ is the variation of the pure gravitational Lagrangian

with respect to the tetrad (including the gravitational con-
stant κ) and 
A

μ is the energy-momentum tensor defined as

A

μ = 1
e

δ(eLm)

δeAμ
.

As discussed in the introduction, a plethora of modifica-
tions beyond TEGR has been proposed in the literature, with
the most straightforward extension being the so-called f (T )

gravity, that is a generalization of the torsion scalar in the
action, to an arbitrary function of it. Its action reads,

S = − 1

2κ2

∫
f (T ) e d4x + Sm (12)

and by varying the action with respect to the tetrad eAμ we
get its equations of motion, which expressed in general man-
ifold’s indices are

Eμν = 1

κ2

[
−1

2
f gμν + Sρσ

μ(Tρσν

−Kρνσ ) fT − ◦∇ρ(Sνμ
ρ fT )

]
= 
μν, (13)

with fT = d f (T )/dT . In this representation of the field
equations the symmetric part of the energy momentum ten-
sor 
(μν) is the Hilbert energy-momentum tensor, which is
the source of the gravitational dynamics in theories of gravity
based on a spacetime metric. Modified teleparallel theories
have both the tetrad and the spin connection as their field
variables. However, variations of the action (12) with respect
to the spin connection ωA

Bμ would just lead to the antisym-
metric part of the field equations of the tetrad, which have
a vanishing source, 
[μν] = 0, for the matter coupling we
assume here. That is, we consider a matter coupling for which
matter only couples to the tetrad (metric) and not to the con-
nection. One could also choose to couple the matter to the
teleparallel spin connection, a thorough discussion of these
options can for example be found in [51].

Throughout this article, we will be working in the Weitzen-
böck gauge, in which the spin connection and its perturbation
vanish, so that we can work with the tetrad only. Note that
this is purely a matter of convenience, and any other choice
of gauge would lead to an equivalent set of field equations
both for the cosmological background and its perturbation.
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3 Cosmological perturbations: basic ingredients

In this section, we recall the framework of cosmological per-
turbation theory in teleparallel gravity, before we apply it to
f (T )-gravity in Sect. 4. We introduce the most general spa-
tially homogeneous and isotropic tetrads and tensors needed.
Moreover we discuss the formalism how to study the cos-
mological perturbations in teleparallel gravity most conve-
niently, i.e. a 3 + 1 decomposition of the dynamical fields
adapted to the symmetry of the homogeneous and isotropic
background solution, the form of the resulting perturbed field
equations for any teleparallel theory of gravity, as well as the
emergence of coordinate gauge transformations and suitable
harmonic expansions of the degrees of freedom.

3.1 Cosmologically symmetric tetrads and tensors

A spacetime manifold possesses a certain symmetry, if the
tensors which define the geometry of the manifold are invari-
ant under a group of diffeomorphisms. For teleparallel grav-
ity the notion of symmetry as been discussed for example in
Refs. [52,53].

The most general spatially homogeneous and isotropic
teleparallel geometry in the Weitzenböck gauge is given by
two branches of tetrads [54], the so called vector and axial
branch. We denote the curvature parameter of the spatial
homogeneous and isotropic spaces by u = √

k.
The vector branch tetrad is given by

eAμ =

⎛
⎜⎜⎜⎝

N (t)
√

1 − r2u2 irua(t)√
1−r2u2 0 0

iruN (t) sin ϑ cos ϕ a(t) sin ϑ cos ϕ ra(t) cos ϑ cos ϕ −ra(t) sin ϑ sin ϕ

iruN (t) sin ϑ sin ϕ a(t) sin ϑ sin ϕ ra(t) cos ϑ sin ϕ ra(t) sin ϑ cos ϕ

iruN (t) cos ϑ a(t) cos ϑ −ra(t) sin ϑ 0

⎞
⎟⎟⎟⎠ , (14)

while the so called axial branch tetrad is

eAμ =

⎛
⎜⎜⎜⎜⎝

N (t) 0 0 0

0 a(t) sin ϑ cos ϕ√
1−r2u2 ra(t)

(
cos ϑ

√
1 − r2u2 cos ϕ + ru sin ϕ

)
ra(t) sin ϑ

(
ru cos ϑ cos ϕ − √

1 − r2u2 sin ϕ
)

0 a(t) sin ϑ sin ϕ√
1−r2u2 ra(t)

(
cos ϑ

√
1 − r2u2 sin ϕ − ru cos ϕ

)
ra(t) sin ϑ

(√
1 − r2u2 cos ϕ + ru cos ϑ sin ϕ

)
0 a(t) cos ϑ√

1−r2u2 −ra(t) sin ϑ
√

1 − r2u2 −r2ua(t) sin2 ϑ

⎞
⎟⎟⎟⎟⎠ . (15)

Both tetrads yield via (1) the standard homogeneous and
isotropic metric

ds2 = gμνdxμdxν = −N (t)2dt2 + a(t)2

×
[ dr2

1 − u2r2 + r2d�2
]
. (16)

The torsion T ρ
μν generated by these tetrads can be displayed

most conveniently by introducing a 3+1-decomposition of
the metric [55], as

gμν = −nμnμ + hμν , (17)

where the conormal nν to the spatial hypersurfaces and the
spatial metric hνμ, suppressing the explicit time dependence
of the function N and a, are given by

nμ = (−N , 0, 0, 0) , hμν = diag(
0,

a2

1 − u2r2 , a2r2, a2r2 sin2 ϑ

)
. (18)

Moreover we need the totally antisymmetric Levi-Civita ten-
sors εμνρσ of the spacetime metric g and εμνρ = nσ εσμνρ of
the spatial metric h, which are defined through

εtrϑϕ = Na3r2 sin ϑ√
1 − u2r2

, εrϑϕ = a3r2 sin ϑ√
1 − u2r2

. (19)

From now on, we will choose the conformal time gauge with
N (t) = a(t). The torsion (6) of the spatially homogeneous
and isotropic tetrads is defined in terms of two functions V
and A , namely [56]

Tμ
νρ = 2

a

(
V hμ

[νnρ] + A εμ
νρ

)
. (20)

For the vector branch tetrad (14) we find

V = H ± iu, A = 0, (21)

while for the axial ranch tetrad (15) we obtain

V = H, A = ±u. (22)

Here H = a′(t)/a(t) is the Hubble function in conformal
time gauge and primes denote differentiation with respect to
the conformal time.

The torsion scalar for the vector branch becomes

T = 1

a2

(
6H2 − 12iuH − 6u2

)
, (23)
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while for the axial branch we find

T = 1

a2

(
6H2 − 6u2

)
, (24)

which respectively govern the equations of motion for the
separate branches.

Moreover, we perform a 3+1 split of all dynamical fields
into their time and space components in the next sections.
For this purpose, we write the spatial metric as

hμνdxμdxν = a(t)2γabdxadxb, (25)

where small Latin indices label spatial coordinates r, ϑ, ϕ,
and the time-independent spatial metric is

γabdxadxb = dr2

1 − u2r2 + r2d�2. (26)

We denote its totally antisymmetric Levi-Civita tensor by
υabc, so that

υrϑϕ = r2 sin ϑ√
1 − u2r2

. (27)

Finally, we will denote the covariant derivative of the Levi-
Civita connection of γab by da and by � the corresponding
Laplacian.

3.2 Tetrad and energy–momentum perturbations

In the following, we will consider a perturbed tetrad of the
form

eAμ = ēAμ + ēAν ḡ
νρτρμ, (28)

where a bar denotes the unperturbed, cosmologically sym-
metric geometry detailed in the previous section, and the
components τμν contain the perturbative degrees of freedom.
We first employ the 3+1 decomposition with help of the ten-
sors (26) and (27). It defines the following quantities, which
turn out to be very convenient to perform and present the per-
turbative analysis in a clear and well-readable way in Sect. 4

τ̂ 00 = a−2τ00 = φ̂, τ̂ 0b = a−2τ0b = db ĵ + b̂b,

τ̂ a0 = a−2τa0 = da ŷ + v̂a,

τ̂ ab = a−2τab = ψ̂γab + dadbσ̂ + dbĉa + υabc(d
c ξ̂ + ŵ

c
)

+1

2
q̂ab. (29)

We see that the degrees of freedom of the field are orga-
nized in five scalars φ̂, ĵ, ŷ, ψ̂, σ̂ , one pseudoscalar ξ̂ , three
divergence-free vectors b̂a, v̂a, ĉa , one divergence-free pseu-
dovector ŵa and one trace-free, divergence-free symmetric
tensor q̂ab. In other words, these quantities are subject to the
conditions

dab̂
a = da v̂

a = daĉ
a = daŵ

a = 0, daq̂
ab = 0,

q̂[ab] = 0, q̂a
a = 0, (30)

and thus represent all 16 degrees of freedom of the original
perturbation τμν .

Second, we need to introduce the energy-momentum ten-
sor perturbations in a similar fashion to construct the field
equations of the system. Conventionally, the linearly pertur-
bations of the Hilbert energy-momentum tensor (the sym-
metric part of the teleparallel energy momentum tensor with
lowered indices) are expanded in the form


00 = a2(ρ̄ + Ê − 2ρ̄τ̂ 00) , (31a)


0a = −a2
[
2ρ̄τ̂ (0a) + (ρ̄ + p̄)(daL̂ + X̂ a)

]
, (31b)


ab = a2
(
p̄γab + 2 p̄τ̂ (ab) + P̂γab + dadbŜ

−1

3
�Ŝγab + d(aV̂b) + T̂ab

)
. (31c)

The matter content is now described by the four scalars Ê , P̂ ,
L̂, S, the two divergence-free vectors X̂a , V̂b and the trace
and divergence-free tensor T̂ab. The following combinations
are interpreted as velocity perturbation

Ûa = daL̂ + X̂a, (32)

and anisotropic pressure perturbation

π̂ab = dadbŜ − 1

3
�Ŝγab + d(aV̂b) + T̂ab. (33)

Finally, in the tetrad formulation, we define the perturba-
tions of the full energy momentum tensor as


A
μ = 
̄A

μ + T̂A
μ, (34)

so that, after transforming indices with the background
tetrad, we find for the perturbations of the Hilbert energy-
momentum


μν − 
̄μν = T̂μν + ḡρσ (2τρ(μ
̄ν)σ + τνρ
̄σμ). (35)

It allows us to express the lower index perturbation tensor
Tμν in terms of the quantities introduced in (29) and (31) as

T̂00 = Ê + ρ̄φ̂ , (36a)

T̂0b = −
[
(ρ̄ + p̄)Ûb + p̄(v̂b + db ŷ)

]
, (36b)

T̂a0 = −
[
(ρ̄ + p̄)(Ûa + v̂a + da ŷ) + p̄(b̂a + da ĵ)

]
,

(36c)

T̂ab = P̂γab + π̂ab − p̄

[
ψ̂γab + dbda σ̂ + daĉb

−υabc(d
c ξ̂ + ŵ

c
) + 1

2
q̂ab

]
, (36d)

where Ûa and π̂ab are further decomposed as given above.
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3.3 Perturbed field equations

Along a similar vein, we again employ the 3 + 1 decomposi-
tion with help of the tensors (26) and (27) to define another set
of quantities which will be used to simplify the calculations
that follow for the perturbed field equations

Ê00 = a−2E00 = �̂, Ê0b = a−2E0b = db Ĵ + B̂b,

Êa0 = a−2Ea0 = daŶ + V̂ a,

Êab = a−2Eab = �̂γab + dadb�̂

+daĈb + υabc(d
c�̂ + Ŵ

c
) + 1

2
Q̂ab. (37)

Here, in analogy to the irreducible components of τμν , the
five expressions �̂, Ĵ , Ŷ , �̂, �̂ are scalars, �̂ is a pseu-
doscalar, B̂a, V̂ a, Ĉa are three divergence-free vectors, Ŵ a

is a divergence-free pseudovector and Q̂ab is a trace-free,
divergence-free, symmetric tensor. Hence, they are subject
to the conditions

da B̂
a = da V̂

a = daĈ
a = daŴ

a = 0,

da Q̂
ab = 0, Q̂[ab] = 0, Q̂a

a = 0. (38)

The perturbed gravitational field equations read

Ē A
μ + EA

μ = EA
μ = 
A

μ = 
̄A
μ + T̂A

μ, (39)

or equivalently their lower case spacetime index version (see
also (13)),

Ēμν + Eμν + ḡρσ (2τρ(μ Ēν)σ + τνρ Ēσμ) = Eμν = 
μν

= 
̄μν + T̂μν + ḡρσ (2τρ(μ
̄ν)σ + τνρ
̄σμ) . (40)

The background geometry part of the field equations Ēμν can
be decomposed into

Ēμν = Nnμnν + Hhμν , (41)

where the normal covector n and the spatial metric have been
introduced in (18). Comparing this to the decomposition (31)
of the energy momentum tensor yields that the background
field equations reduce to N = ρ̄ and H = p̄. If the back-
ground equations are satisfied, the field equations reduce to
the perturbation equations

Eμν = T̂μν. (42)

In total we can now use the 3 + 1 decomposition of the
tetrad (29), the energy-momentum tensor (31) and the field
equations (37) to obtain

• six scalar equations

Ĵ = −(ρ̄ + p̄)L̂ − p̄ ŷ, �̂ = Ŝ + p̄σ̂ , �̂ = p̄ξ̂ ,

�̂ = P̂ − 1

3
�Ŝ − p̄ψ̂, �̂ = Ê + ρ̄φ̂,

Ŷ = −(ρ̄ + p̄)(L̂ + ŷ) − p̄ ĵ, (43)

• four vector equations

V̂ a = −(ρ̄ + p̄)(X̂a + v̂a) − p̄b̂a, Ĉa = V̂a − p̄ĉa,

Ŵ a = p̄ŵa − 1

2
υabcd

bV̂c, B̂a = −(ρ̄ + p̄)X̂b − p̄v̂b,

(44)

• and a tensor equation

Q̂ab = 2T̂ab − p̄q̂ab. (45)

Together, these represent the entire system of perturbed
equations for teleparallel gravity cosmology.

3.4 Gauge transformations and gauge invariant quantities

The tetrad (28) retains its form as a small perturbation around
the cosmologically symmetric background tetrad under an
infinitesimal coordinate transformation

x ′μ = xμ + Xμ. (46)

Under this transformation, the tetrad perturbation changes to

τ ′
μν = τμν − ∇̄νXμ + T̄μν

ρXρ

= τμν −
◦
∇̄νXμ − K̄μν

ρXρ. (47)

By making a suitable choice of this transformation, and
decomposing the transformation as

X̂0 = a−1X0 = X̂⊥, X̂a = a−1Xa = da X̂‖ + Ẑ a (48)

in analogy to the irreducible decomposition of the perturbed
geometry, see (29), one can eliminate certain components
in the irreducible decomposition of the perturbations. We
will denote such a fixed choice, or gauge, with a letter, e.g.,
G, under the corresponding quantity, and write these gauge-
fixed quantities with boldface letters. Instead of gauge-fixed,
one may also use the term gauge-invariant quantities, since
they are independent of the gauge prior to applying the gauge
transformation. Performing the irreducible decomposition of
the gauge transformations, one finds the gauge-independent
tetrad perturbations (29)

G
ψ̂ = ψ̂ +

H
Ĝ
X⊥
a

,
Ĝ
σ = σ̂ − Ĝ

X‖
a

,
Ĝ
y = ŷ − Ĝ

X ′‖ − V
Ĝ
X‖

a
,

G
ĵ = ĵ − Ĝ

X⊥ + (V − H)
Ĝ
X‖

a
,

G
ξ̂ = ξ̂ +

A
Ĝ
X‖
a

,

G
φ̂ = φ̂ − Ĝ

X ′⊥
a

,

Ĝ
ca = ĉa − Ĝ

Za

a
,

Ĝ
va = v̂a − Ĝ

Z ′
a − V

Ĝ
Za

a
,
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Ĝ
ba = b̂a −

(V − H)
Ĝ
Za

a
,

Ĝ
wa = ŵa +

A
Ĝ
Za

a
,

Ĝ
q = q̂ab,

(49)

the energy-momentum perturbations (31)

Ĝ
E = Ê + a−1

Ĝ
X⊥ρ̄′,

Ĝ
P = P̂ + a−1

Ĝ
X⊥ p̄′,

Ĝ
L = L̂ + (a−1

Ĝ
X‖)′,

Ĝ
X a = X̂a + (a−1

Ĝ
Za)

′,

Ĝ
S = Ŝ,

Ĝ
Va = V̂a,

Ĝ
T ab = T̂ab, (50)

as well as the field equation components (43), (44) and (45),

Ĝ
V a = V̂ a −

(V − H)N
Ĝ
Za

a
,

Ĝ
� = �̂ −

N
Ĝ
X ′⊥ −

Ĝ
X⊥N′

a
,

Ĝ
� = �̂ −

(HH − H′)
Ĝ
X⊥

a
,

Ĝ
� = �̂ +

H
Ĝ
X‖
a

,

Ĝ
	 = �̂ +

HA
Ĝ
X‖

a
,

Ĝ
J = Ĵ −

[(V − H)H − HN]
Ĝ
X‖ + N

Ĝ
X ′‖

a
,

Ĝ
Y = Ŷ −

(V − H)N
Ĝ
X‖ − H

Ĝ
X⊥

a
,

Ĝ
Ca = Ĉa +

H
Ĝ
Za

a
,

Ĝ
Wa = Ŵ a +

HA
Ĝ
Za

a
,

Ĝ
Ba = B̂a −

[(V − H)H − HN]
Ĝ
Za + N

Ĝ
Z ′
a

a
,

G
Q̂ab = Q̂ab.

(51)

A fixed choice of a gauge can be specified in two possi-
ble ways: either by imposing conditions on the gauge fixed
perturbations appearing on the left-hand side of any of the
equations listed above, or by expressing the gauge transfor-
mation

Ĝ
X , which is necessary in order to transform the per-

turbations from an arbitrary to the desired gauge, in terms of
these arbitrary-gauge perturbations. Here we give both spec-
ifications for each of the gauges we will use in the remainder
of this article. The “zero gauge” G = 0 used to construct the
gauge-invariant quantities in [55] is obtained by the gauge
conditions

0̂
σ =

0
ĵ = 0,

0̂
ca = 0, (52)

which are satisfied if the gauge transformation from an arbi-
trary gauge is chosen as

a−1
0̂
X⊥ = ĵ + (H − V )σ̂ , a−1

0̂
X‖ = σ̂ , a−1

0̂
Za = ĉa . (53)

In [42] the Newtonian gauge G = N is used, where
N
ĵ = −

N̂
y,

and so
N
ψ̂ =

0
ψ̂ + H

0̂
y and

N
φ̂ =

0
φ̂ − H

0̂
y −

0̂
y′. The gauge

conditions read

N
ĵ +

N̂
y =

N̂
σ = 0,

N̂
ba +

N̂
va = 0. (54)

For the vector perturbations, the gauge transformation
needed to satisfy these conditions is determined only up to a
contribution constant in time, and one has

a−1
N̂
X⊥ = ĵ + ŷ − σ̂

′
, a−1

N̂
X‖ = σ̂ ,

(a−1
N̂
Za)

′ = b̂a + v̂a . (55)

For the fluid matter, also the comoving gauge G = C is used,
which is defined by the conditions

C
ĵ +

Ĉ
y =

Ĉ
L = 0,

Ĉ
X a = 0. (56)

In this case the gauge transformation reads

a−1
Ĉ
X⊥ = ĵ + ŷ + L̂, (a−1

Ĉ
X‖)′ = −L̂,

(a−1
Ĉ
Za)

′ = −X̂a . (57)

In the following sections, it shall be clear from the notation
which gauge is used in the definition of the appearing quan-
tities.

3.5 Harmonic expansion

The last ingredient we need to analyze the dynamics of
the cosmological perturbations in all detail in Sect. 4, is the
convenient expansion of the perturbations into a harmonic
basis composed from eigenfunctions of the Laplace operator
� = dada of the spatial background model space. For the
cosmological FLRW models, where these spaces are maxi-
mally symmetric, three-dimensional, Riemannian manifolds,
these harmonic tensors have been discussed extensively in the
literature [57–60]. For the scalar perturbations, one finds that
there exist harmonics s(β) satisfying

�s(β) = −k2s(β) = −(β2 − u2)s(β), (58)

where β ∈ {3, 4, 5, . . .} for u2 = 1 and β ≥ 0 for
u2 ∈ {−1, 0} [60]. We then continue with the divergence-
free vectors. It is convenient to introduce the curl

curl ẑa = υabcd
bẑc. (59)

It is easy to check that

curl curl ẑa = −�ẑa + 2u2 ẑa . (60)

One finds that the harmonics are given by the two helicities
v̂±
a (β) satisfying

curl v̂±
a (β) = ±βv̂±

a (β), (61)

where β takes the same values as before. It follows that they
are eigenfunctions of the Laplacian with

k2v̂±
a (β) = −�v̂±

a (β) = (β2 − 2u2)v̂±
a (β). (62)

Finally, for the symmetric, trace-free, divergence-free tensors
one can similarly introduce a curl

curl ẑab = υcd(adc ẑb)
d , (63)
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which now satisfies

curl curl ẑab = −�ẑab + 3u2 ẑab. (64)

Again the harmonics come in two helicities t̂±ab(β) satisfying

curl t̂±ab(β) = ±β t̂±ab(β), (65)

where β takes again the same values as in the scalar case. It
follows that they are eigenfunctions of the Laplacian with

k2 t̂±ab(β) = −�t̂±ab(β) = (β2 − 3u2)t̂±ab(β). (66)

We will make use of the allowed ranges of k2 when we derive
the perturbed field equations.

4 Cosmological perturbations: perturbed equations in
f (T ) gravity

In this section we evaluate the field equations (43), (44) and
(45) for the perturbations in general f (T )-gravity models. In
particular we analyse the influence of the curvature parameter
u2 on the number of degrees of freedom and their propaga-
tion behaviour. We find that in the flat case u2 = 0, one
of the perturbations is not determined, while in the curved
case u2 �= 0 all perturbations are determined by the field
equations.

4.1 Background equations

We start our discussion of the cosmological dynamics of
f (T ) gravity by a brief review of its background field equa-
tions, which we display here using the conformal time coor-
dinate; see [54] for their form in cosmological time. For the
vector branch (14), they take the form

f − 12
fT
a2 H(H + iu) = 2κ2ρ̄ , (67a)

− f + 4
fT
a2 (2H2 + 3iuH − u2 + H′)

+ 48
fT T
a4 (H + iu)2[H′ − H(H + iu)] = 2κ2 p̄ , (67b)

while for the axial tetrad (15) they read

f − 12
fT
a2 H

2 = 2κ2ρ̄ , (68a)

− f + 4
fT
a2 (2H2 − u2 + H′)

+ 48
fT T
a4 H2(H′ + u2 − H2) = 2κ2 p̄ . (68b)

In the flat limiting case u → 0, both branches converge: the
scalar functions in the torsion tensor (20) take the common

value

V = H, A = 0. (69)

and the background field equations clearly assume the form

f − 12
fT
a2 H

2 = 2κ2ρ̄ , (70a)

− f + 4
fT
a2 (2H2 + H′) + 48

fT T
a4 H2(H′ − H2) = 2κ2 p̄ .

(70b)

In the following, we will assume that the background equa-
tions are satisfied, so that we can freely exchange the back-
ground values ρ̄ and p̄ of the matter density and pressure
by the corresponding geometry sides of the background field
equations and vice versa.

4.2 Tensorial perturbations

We start our analysis of the cosmological perturbations with
the tensor sector. Recall that the tensor field equation (45) is
given by

1

2
Q̂ab = T̂ab − 1

2
p̄q̂ab, (71)

which we will now evaluate for the general f (T ) class of
gravity theories for the different branches of cosmological
backgrounds.

4.2.1 Vector branch

For the vector branch, see (14) and (21), we find that the field
equation for the tensor perturbations takes the form

2κ2a2
0̂
T ab = fT

(
�

0̂
qab − 2u2

0̂
qab − 2H

0̂
q ′
ab −

0̂
q ′′
ab

)

+12
fT T
a2 (H + iu)[H(H + iu) − H′]

(
0̂
q ′
ab − iu

0̂
qab

)
.

(72)

Note that despite the appearance of the imaginary unit i , this
equation is real, since u is imaginary for the vector branch,
u2 < 0. Note that the fT term is simply the usual wave equa-
tion on a spatially curved FLRW background, while the fT T
term constitutes a modification to the Hubble friction and cur-
vature terms only. This means that the speed of gravitational
wave is equal to the speed of light.

4.2.2 Axial branch

For the axial branch, see (15) and (22), the tensor perturba-
tions are governed by the equation

2κ2a2
0̂
T ab = fT

(
�

0̂
qab − 2u2

0̂
qab − 2H

0̂
q ′
ab −

0̂
q ′′
ab

)

+12
fT T
a2 H(H2 − u2 − H′)

0̂
q ′
ab. (73)
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The qualitative structure of this equation is similar to the
vector branch, with the fT term resembling the usual wave
equation, while the fT T term contributes to the Hubble fric-
tion only. As in the vector branch, the speed of gravitational
waves is exactly the same as the speed of light.

4.2.3 Flat case

In the limit u → 0, the previously shown equations reduce
to the flat case

2κ2a2
0̂
T ab = fT

(
�

0̂
qab − 2H

0̂
q ′
ab −

0̂
q ′′
ab

)

+12
fT T
a2 H(H2 − H′)

0̂
q ′
ab. (74)

This result agrees with what has been found in [42]. In all
the three cases the tensorial perturbations are determined by
the perturbative field equations.

4.3 Vectorial perturbations

For the vectorial perturbations, we found four field equa-
tions (44). One of these equations becomes redundant; on
the gravitational side of the field equations it corresponds to
a Bianchi identity. On the energy-momentum side, it corre-
sponds to the vector part of the energy-momentum conser-
vation. Defining the gauge-invariant variable

Q̂a = (ρ̄ + p̄)(X̂a + v̂a + b̂a), (75)

this equation takes the form

Q̂′
a + 4HQ̂a + 1

2
�V̂a + u2V̂a = 0. (76)

The remaining, independent equations are the spatial and
mixed part of the antisymmetric field equations as well as
the mixed part of the symmetric equations,

E[ab] = 
[ab] = 0, E[a0] = 
[a0] = 0,

E(a0) = 
(a0) = 0. (77)

These equations decompose into the irreducible components
which are combinations of the equations (44)

d[aĈb] + p̄d[aĉb] + 2υabc(Ŵ
c − p̄ŵc

) = 0 , (78a)

V̂ a − B̂a + ρ̄v̂a + p̄b̂a = 0 , (78b)

V̂ a + B̂a + (ρ̄ + 2 p̄)v̂a + p̄b̂a + 2(ρ̄ + p̄)X̂a = 0 . (78c)

In the following we will analyze these equations using the
zero gauge condition

0̂
ca = 0, starting with the antisymmetric

equations, before we continue towards the symmetric equa-
tions.

4.3.1 Vector branch

We start again with the vector branch ((14), (21)). In this case
the two antisymmetric equations read

fT T (H + iu)[H(H + iu) − H′](d[a
0̂
bb] + iuυabc

0̂
wc) = 0 ,

(79a)

fT T (H + iu)[H(H + iu) − H′](υabcdb
0̂
wc − 2iu

0̂
ba) = 0 .

(79b)

For a non-trivial theory we assume fT T �= 0, and also the
remaining terms in brackets are non-vanishing. This yields
two coupled equations for

0̂
ba and

0̂
wa . In order to decouple

these equations, one can take the curl of both of them. Omit-
ting the factors in front of the equations, the result reads

�
0̂
wa + 2iuυabcd

b
0̂
bc − 2u2

0̂
wa = 0 , (80a)

�
0̂
ba + 2iuυabcd

b
0̂
wc − 2u2

0̂
ba = 0 . (80b)

The terms involving the Levi-Civita tensor υabc can now be
eliminated by substituting the original equations. This finally
yields the two decoupled Helmholtz equations

�
0̂
wa − 6u2

0̂
wa = �

0̂
ba − 6u2

0̂
ba = 0. (81)

Performing the harmonic expansion shown in Sect. 3.5, one
now sees that this is solved only by the mode with wavenum-
ber k2 = −6u2, and hence β2 = −4u2. Recalling u2 < 0
for the vector branch, there exists a single solution. Due
to the absence of sources, the solution to (81) is given by

0̂
wa =

0̂
ba = 0.

The remaining perturbation
0̂
va is determined from the last

independent equation, which is the vector part of the mixed
symmetric equation. In terms of the perturbation variables,
this equation reads

a2 fT
[
�(

0̂
va +

0̂
ba) − 2(2H2 + u2 − 2H′)

× (
0̂
va +

0̂
ba) − 4(H2 + u2 − H′)

0̂
X a

]

−12 fT T (H + iu)[H(H + iu) − H′]
×

[
υabcd

b
0̂
wc + 4(H + iu)(

0̂
X a +

0̂
va)

+2(2H + iu)
0̂
ba

]
= 0. (82)

Here we can eliminate the previously determined perturba-
tions

0̂
ba and

0̂
wa , which yields

a2 fT
[
�

0̂
va − 2(2H2 + u2 − 2H′)

0̂
va − 4(H2 + u2 − H′)

0̂
X a

]

−48 fT T (H + iu)2[H(H + iu) − H′](
0̂
X a +

0̂
va) = 0. (83)

This gives us a healthy vector branch for the non-flat FLRW
background.
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4.3.2 Axial branch

For the axial branch, (15), (22), we obtain the antisymmetric
field equations

fT TH(H2 − u2 − H′)(d[a
0̂
bb] − uυabc

0̂
bc) = 0 , (84a)

fT TH(H2 − u2 − H′)(υabcdb
0̂
wc − 2u

0̂
wa) = 0 . (84b)

Also here we assume fT T �= 0, and the remaining factors in
front of the equations are non-vanishing. In this case we find
that

0̂
ba and

0̂
wa decouple from each other, but the equations

couple the polar and axial modes for each of these perturba-
tions. To study the solutions of these equations, it is instruc-
tive to first calculate the curl of both equations. Omitting the
non-vanishing factors, one then finds the equations

�
0̂
wa + 2uυabcd

b
0̂
wc − 2u2

0̂
wa = 0 , (85a)

�
0̂
ba − 2uυabcd

b
0̂
bc − 2u2

0̂
ba = 0 . (85b)

As for the vector branch, one can eliminate the Levi-Civita
tensor υabc by substituting the original equations. This yields
the Helmholtz equations

�
0̂
wa + 2u2

0̂
wa = �

0̂
ba + 2u2

0̂
ba = 0. (86)

With the harmonic expansion from Sect. 3.5, this equation
restricts the wavenumber to k2 = 2u2, and hence β2 = 4u2,
which has no solution within the allowed range of β. Hence,
we conclude

0̂
ba =

0̂
wa = 0. Also here the remaining per-

turbation
0̂
va is determined from the vector part of the mixed

symmetric equation. In terms of the perturbation variables,
this equation now reads

a2 fT
[
�(

0̂
va +

0̂
ba) − 2(2H2 + u2 − 2H′)(

0̂
va +

0̂
ba)

−4(H2 + u2 − H′)
0̂
X a

]
− 12 fT TH(H2 − u2 − H′)[

υabcd
b

0̂
wc − 2u

0̂
wa + 4H(

0̂
X a +

0̂
va +

0̂
ba)

]
= 0. (87)

Again we eliminate the previously determined perturbations

0̂
ba and

0̂
wa , yielding

a2 fT
[
�

0̂
va − 2(2H2 + u2 − 2H′)

0̂
va − 4(H2 + u2 − H′)

0̂
X a

]

−48 fT TH2(H2 − u2 − H′)(
0̂
X a +

0̂
va) = 0. (88)

This means that for any arbitrary f (T ) model, the vector
branch for this background must decay for this relation to be
satisfied which is inline with our expectation for the vector
modes.

4.3.3 Flat case

Finally, we discuss the common flat limiting case of the two
previously discussed spatially curved cases. In this case the

antisymmetric part of the field equations yields the two equa-
tions

fT TH(H2 − H′)d[a
0̂
bb] = 0 , (89a)

fT TH(H2 − H′)υabcdb
0̂
wc = 0 . (89b)

Note that the second equation is misprinted in [42]. By taking
the curl, one now immediately obtains the Laplace equations

�
0̂
ba = �

0̂
wa = 0. (90)

The only solution to the Laplace equation on a flat space
is linear in Cartesian coordinates, and hence unbounded, so
that it fails to be a perturbation, unless it is spatially constant;
in the latter case, it can be absorbed into the homogeneous
background solution, and we therefore set

0̂
ba =

0̂
wa = 0.

We are left with the potential
0̂
va , which is determined by the

symmetric equation

a2 fT�(
0̂
va +

0̂
ba) + 4(H′ − H2)

[
3 fT THυabcd

b
0̂
wc

+(a2 fT + 12 fT TH2)(
0̂
X a +

0̂
va +

0̂
ba)

]
= 0. (91)

Also here we can eliminate the potentials
0̂
ba and

0̂
wa , which

yields the equation

a2 fT �
0̂
va + 4(H′ − H2)(a2 fT + 12 fT TH2)(

0̂
X a +

0̂
va) = 0. (92)

As with the tensorial perturbations, we found that for all
the three curvature cases the vectorial perturbations are com-
pletely determined by the perturbative field equations.

4.4 Scalar perturbations

Finally, we come to the scalar and pseudo-scalar perturba-
tions. From the field equations (43) one obtains the six inde-
pendent (pseudo-)scalar perturbation equations

�̂ − p̄ξ̂ = 0 , (93a)

Ĵ − Ŷ − ρ̄ ŷ − p̄ ĵ = 0 , (93b)

�̂ − ρ̄φ̂ = Ê , (93c)

Ŷ + (ρ̄ + p̄)(L̂ + ŷ) + p̄ ĵ = 0 (93d)

�̂ − p̄σ̂ = Ŝ , (93e)

�̂ + ��̂ + p̄(ψ̂ + �σ) = P̂ + 2

3
�Ŝ . (93f)

These are complemented by two scalar components of the
Bianchi identities. In the following, we will discuss the scalar
equations in the Newtonian gauge.

4.4.1 Vector branch

As previously, we start with the vector branch, see (14)
and (21), for the cosmological background. In this case the
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pseudo-scalar equation (93a), obtained from the antisymmet-
ric part of the spatial equations, reads

12u fT T (H + iu)[H(H + iu) − H′]
N
ξ̂ = 0. (94)

We see that the pseudo-scalar
N
ξ̂ decouples from the remain-

ing perturbations and must vanish identically,
N
ξ̂ = 0.

We continue with the antisymmetric equation with mixed
indices (93b), which yields

fT T (H + iu)[3(H + iu)(H
N
φ̂ + H

N
ψ̂ − iu

N
ψ̂ +

N
ψ̂ ′ + iuH

N̂
y)

−3H′(
N
ψ̂ + iu

N̂
y) − (H + iu)�

N̂
y] = 0. (95)

This equation takes the form of a screened Poisson equation
for

N̂
y. Isolating

N̂
y, we have

(H + iu)�
N̂
y + 3iu[H′ − H(H + iu)]

N̂
y = 3(H + iu)

(H
N
φ̂ + H

N
ψ̂ − iu

N
ψ̂ +

N
ψ̂ ′) − 3H′

N
ψ̂ . (96)

We can then continue with the time part (93c) of the equa-
tions. This reads

1

2
κ2a2

N̂
E = fT (�

N
ψ̂ − 3H2

N
φ̂ − 3H

N
ψ̂ ′ + 3u2

N
ψ̂)

+12
fT T
a2 H(H + iu)2(�

N̂
y − 3H

N
φ̂ − 3

N
ψ̂ ′ + 3iu

N
ψ̂).

(97)

One can substitute the spatial derivative of
N̂
y using the rela-

tion (96) to obtain

1

2
κ2a2

N̂
E = fT (�

N
ψ̂ − 3H2

N
φ̂ − 3H

N
ψ̂ ′ + 3u2

N
ψ̂)

+36
fT T
a2 H(H + iu)[H(H + iu) − H′](

N
ψ̂ + iu

N̂
y).

(98)

One can then continue with the remaining mixed part (93d)
of the equations, which reads

− 1

2
κ2a2(ρ̄ + p̄)

N̂
L = fT (H

N
φ̂ +

N
ψ̂ ′) + 12(H + iu)

[H′ − H(H + iu)] fT T
a2 (

N
ψ̂ + iu

N̂
y). (99)

Together with the previously found relation (98) this yields

1

2
κ2a2

Ĉ
E = 1

2
κ2a2

[
N̂
E − 3H(ρ̄ + p̄)

N̂
L

]

= fT
(
�

N
ψ̂ + 3u2

N
ψ̂

)
, (100)

where the left hand side is simply the density perturbation
in the comoving gauge. Further, the off-diagonal symmetric
equation

κ2a2
N̂
S = fT (

N
ψ̂ −

N
φ̂) − 12

fT T
a2 (H + iu)[H(H + iu) − H′]

N̂
y (101)

yields the gravitational slip
N
ψ̂ −

N
φ̂. Together with the trace

of the spatial equations it yields

1

2
κ2a2

(
N̂
P + 2

3
�

N̂
S

)
= fT

[
N
ψ̂ ′′ + 2H

N
ψ̂ ′ + H

N
φ̂′

+(H2 + 2H′)
N
φ̂ − u2

N
ψ̂

]
+ 4

fT T
a2 (H + iu)

{
3(H + iu)

N
ψ̂ ′′

+3[3H′ − H(H + iu)]
N
ψ̂ ′

+3H(H + iu)
N
φ̂′ + 3iu(H2 − 3H′ + u2)

N
ψ̂

+3[(5H + 2iu)H′ − 2H2(H + iu)]
N
φ̂ − (H + iu)�

N̂
y′

−[2H′ + iu(H + iu)]�
N̂
y
}

+48
fT T T
a4 (H + iu)3[H(H + iu) − H′]

×(�
N̂
y − 3

N
ψ̂ ′ − 3H

N
φ̂ + 3iu

N
ψ̂). (102)

After substituting �
N̂
y, this further simplifies to

1

2
κ2a2

(
N̂
P + 2

3
�

N̂
S

)
= fT

[
N
ψ̂ ′′ + 2H

N
ψ̂ ′ + H

N
φ̂′

+(H2 + 2H′)
N
φ̂ − u2

N
ψ̂

]

+12
fT T
a2

[
H′ − H(H + iu)

]
(H + iu)

×
[
2

N
ψ̂ ′ + iu

N̂
y′ − iu

N
ψ̂ + (2H + iu)

N
φ̂
]

+
{

12
fT T
a2 [(H′′ − 3H′H)(H + iu)

+H′2 − iuH(H + iu)2]
+144

fT T T
a4 [H′(H + iu) − H(H + iu)2]2

}

(
N
ψ̂ + iu

N̂
y). (103)

In this analysis, we observe that unlike the flat case, all the
scalar modes are determined by the perturbed field equations
at linear order, thus limiting the possibility of strongly cou-
pled behavior for this background.

4.4.2 Axial branch

In the axial case, see (15) and (22), we find that the pseudo-
scalar equation (93a) takes the form

−4u fT T [u�
N
ξ̂ − H�

N̂
y + 3H(H2 − H′ − u2)

N̂
y

+3u2

N
ψ̂ + 3H(H

N
φ̂ +

N
ψ̂ ′)] = 0, (104)

in the Newtonian gauge, so that the pseudo-scalar perturba-
tion

N
ξ̂ is coupled to the scalar perturbations. Together with

the antisymmetric equation (93b), which reads

fT TH[3H(H
N
φ̂ + H

N
ψ̂ +

N
ψ̂ ′ − uH

N
ξ̂) − 3H′(

N
ψ̂ − u

N
ξ̂)

−H�
N̂
y + 3u3

N
ξ̂ + u�

N
ξ̂ ] = 0, (105)
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we can eliminate the spatial derivatives, and are left with the
purely algebraic equation

12u fT T (H2 − H′ − u2)(
N
ψ̂ − u

N
ξ̂ − H

N̂
y) = 0. (106)

This can now be solved for the pseudo-scalar
N
ξ̂ . Substituting

back into the original equations yields a screened Poisson
equation for

N̂
y, which reads

H[2�
N̂
y + 3(H′ − H2 + u2)

N̂
y] = �

N
ψ̂ + 3u2

N
ψ̂

+3H
N
ψ̂ ′ + 3H2

N
φ̂. (107)

We then continue with the time component (93c), from which
we obtain

1

2
κ2a2

N̂
E = fT (�

N
ψ̂ − 3H2

N
φ̂ − 3H

N
ψ̂ ′ + 3u2

N
ψ̂)

+12
fT T
a2 H2(H�

N̂
y − u�

N
ξ̂ − 3H2

N
φ̂ − 3H

N
ψ̂ ′ − 3u2

N
ψ̂).

(108)

After substituting
N
ξ̂ and �

N̂
y, this yields

1

2
κ2a2

N̂
E = fT (�

N
ψ̂ − 3H2

N
φ̂ − 3H

N
ψ̂ ′ + 3u2

N
ψ̂)

+36
fT T
a2 H3(H2 − H′ − u2)

N̂
y. (109)

By combining this equation with the remaining mixed
part (93d), which reads

−1

2
κ2a2(ρ̄ + p̄)

N̂
L = fT (H

N
φ̂ +

N
ψ̂ ′)

+12H(H′ − H2 + u2)
fT T
a2 (

N
ψ̂ − u

N
ξ̂), (110)

we find the expression

1

2
κ2a2

Ĉ
E = 1

2
κ2a2[

N̂
E − 3H(ρ̄ + p̄)

N̂
L]

= fT (�
N
ψ̂ + 3u2

N
ψ̂), (111)

where we have expressed the left hand side in the comov-
ing gauge. Note that this equation is identical to the vector
branch. Continuing with the symmetric off-diagonal equa-
tion, we find the result

κ2a2
N̂
S = fT (

N
ψ̂ −

N
φ̂) − 12

fT T
a2 H(H2 − H′ − u2)

N̂
y, (112)

which determines the gravitational slip
N
ψ̂ −

N
φ̂. Together with

the trace of the spatial equations it yields

1

2
κ2a2

(
N̂
P + 2

3
�

N̂
S

)
= fT

[
N
ψ̂ ′′ + 2H

N
ψ̂ ′ + H

N
φ̂′

+(H2 + 2H′)
N
φ̂ − u2

N
ψ̂

]

+4
fT T
a2

[
3H2

N
ψ̂ ′′ + 3H(3H′ − H2 + u2]

N
ψ̂ ′

+3H3

N
φ̂′ + 3u2(H′ − u2)

N
ψ̂

+3H2(5H′ − 2H2 + u2)
N
φ̂ − H2�

N̂
y′

−H(2H′ − u2)�
N̂
y + uH�

N
ξ̂ ′ + u(H′ − u2)�

N
ξ̂

]

+48
fT T T
a4 H2(H2 − H′ − u2)(H�

N̂
y − 3H

N
ψ̂ ′

−3H2

N
φ̂ − 3u2

N
ψ̂ − u�

N
ξ̂). (113)

This can further be simplified by substituting
N
ξ̂ and �

N̂
y from

the previous equations, so that one obtains

1

2
κ2a2

(
N̂
P + 2

3
�

N̂
S

)
= fT

[
N
ψ̂ ′′ + 2H

N
ψ̂ ′ + H

N
φ̂′

+(H2 + 2H′)
N
φ̂ − u2

N
ψ̂

]

+12
fT T
a2 H(H′ − H2 + u2)(

N
ψ̂ ′ + 2H

N
φ̂ + H

N̂
y′)

+
{

12
fT T
a2 H[HH′′ + (2H′ − 4H2 + u2)H′ + u2H2 − u4]

+144
fT T T
a4 H3(H′ − H2 + u2)2

}
N̂
y. (114)

This prescribes the behaviour of all modes in this branch of
the perturbative sector.

4.4.3 Flat case

We finally come to the flat limiting case. In this case we
find that the pseudo-scalar equation (93a) is solved identi-
cally. This can also be seen from the corresponding Eqs. (94)
and (104) in the vector and axial branches, which vanish for
u → 0. Hence, in the flat case, the pseudo-scalar perturba-
tion

N
ξ̂ is not determined from the field equations, and yields

a remnant symmetry of the linearized field equations around
the flat FLRW background. The remaining equations possess
as similar structure as for the spatially curved background.
From the mixed antisymmetric Eq. (93b) one obtains

fT TH[3H(H
N
φ̂ + H

N
ψ̂ +

N
ψ̂ ′) − 3H′

N
ψ̂ − H�

N̂
y] = 0, (115)

which is a Poisson equation for
N̂
y, and can be used to elim-

inate �
N̂
y in the remaining equations. For the time compo-

nent (93c), this yields

1

2
κ2a2

N̂
E = fT�

N
ψ̂ − 3

(
fT + 12H2 fT T

a2

)
H(H

N
φ̂ +

N
ψ̂ ′)

+12
fT T
a2 H3�

N̂
y

= fT (�
N
ψ̂ − 3H

N
ψ̂ ′ − 3H2

N
φ̂)

+36
fT T
a2 H2(H2 − H′)

N
ψ̂ . (116)
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Together with the remaining mixed part (93d), which reads

− 1

2
κ2a2(ρ̄ + p̄)

N̂
L = fT (H

N
φ̂ +

N
ψ̂ ′)

+12H(H′ − H2)
fT T
a2 N

ψ̂, (117)

this combines to

1

2
κ2a2

Ĉ
E = 1

2
κ2a2[

N̂
E − 3H(ρ̄ + p̄)

N̂
L] = fT�

N
ψ̂, (118)

which is simply the limit u → 0 of what we have found for
the spatially curved background. Finally, we have the off-
diagonal equation

κ2a2
N̂
S = fT (

N
ψ̂ −

N
φ̂) − 12

fT T
a2 H(H2 − H′)

N̂
y, (119)

which combines with the trace into

1

2
κ2a2

(
N̂
P + 2

3
�

N̂
S

)

= fT
[
N
ψ̂ ′′ + 2H

N
ψ̂ ′ + H

N
φ̂′ + (H2 + 2H′)

N
φ̂
]

+48
fT T T
a4 H3(H2 − H′)(�

N̂
y − 3

N
ψ̂ ′ − 3H

N
φ̂)

+4
fT T
a2 H

[
3H

N
ψ̂ ′′ + 3(3H′ − H2)

N
ψ̂ ′

+3H2

N
φ̂′ + 3H(5H′ − 2H2)

N
φ̂ − H�

N̂
y′ − 2H′�

N̂
y
]
.

(120)

Also here we can eliminate �
N̂
y to obtain

1

2
κ2a2

(
N̂
P + 2

3
�

N̂
S

)

= fT
[
N
ψ̂ ′′ + 2H

N
ψ̂ ′ + H

N
φ̂′ + (H2 + 2H′)

N
φ̂
]

+144
fT T T
a4 H2(H2 − H′)2

N
ψ̂

+12
fT T
a2

[
2H(H′ − H2)

× (
N
ψ̂ ′ + H

N
φ̂) + (HH′′ + H′2 − 3H2H′)

N
ψ̂

]
. (121)

Thus, for the scalar perturbations we found that not all of
them are determined in all three cases discussed. In the flat
case the pseudo-scalar perturbation is undetermined. Hence,
if its appears in higher order perturbation theory its arbi-
trary value makes it impossible to solve these, which poses
a problem to the predictability of the theory. This feature is
the strong coupling problem since the Hamiltonian formal-
ism suggests that there should be one additional degree of
freedom than GR.

5 Perturbative degrees of freedom

We now study the obtained perturbative field equations under
the aspect of counting the dynamical degrees of freedom
which are present in the perturbations. Already in Sect. 4.2
we have seen two propagating tensor modes around each of
the cosmological background branches, while in Sect. 4.3
we have seen that no further vector modes appear in the spa-
tially curved FLRW background, as compared to the flat
FLRW case. We therefore devote this discussion entirely
to the scalar perturbations, whose governing equations we
derived in Sect. 4.4, and where we see a qualitative change
in the rank of the linear system of equations.

If we collectively denote the (pseudo-)scalar perturbations
by X = (

N
φ̂,

N
ψ̂,

N̂
y,

N
ξ̂) and the right hand side of the scalar

equations (93), which constitutes the matter source, by Y ,
and perform a harmonic expansion as discussed in Sect. 3.5
to replace the Laplace operator�by the corresponding eigen-
value −k2, the equations take the schematic form

M
2
X ′′ + M

1
X ′ + M

0
X = Y , (122)

where the (6 × 4)-matrices M
0,1,2

depend on the dynamical

background geometry and the eigenvalue k2. Note that this
system is consistent despite the fact that it contains six equa-
tions for four variables, since the right hand side is subject to
the constraints arising from energy-momentum conservation.
To further analyse this system, we write it in the form

M̃
1
X̃

′ + M̃
0
X̃ =

(
0 1
M

2
0

)
·
(
X ′′
X ′

)
+

(
−1 0
M

1
M

0

)
·
(
X ′
X

)

=
(

0
Y

)
= Ỹ (123)

as a first order system. By successively performing Gaussian

elimination, the combined block matrix
(
M̃

1
M̃

0

)
can be

brought into row echelon form, so that the equivalent system
schematically reads
⎛
⎜⎝
D

1
D

0
0 A
0 0

⎞
⎟⎠ ·

(
X̃

′

X̃

)
=

⎛
⎝Y D
Y A
0

⎞
⎠ . (124)

Denoting the number of rows in these blocks by ND, NA, NI ,
we find that the lowermost block contains NI equations
which are satisfied identically, followed by NA purely alge-
braic equations or constraints and finally ND differential
equations. It follows from the construction of these blocks
that the (NA×8)-matrix A is of maximal rank, which is given
by NA. The space of solutions is thus of dimension 8 − NA,
and can be written as

A · (S · V + W ) = Y A, (125)
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whereW denotes a particular solution satisfying A·W = Y A,
the columns of S span the kernel of A and V is a vector of
8 − NA arbitrary coefficients. Inserting

X̃ = S · V + W (126)

into the block of differential equations then gives another
set of ND first order differential equations in the remaining
variables V . By repeatedly performing the same steps as for
the initial first order system (123), one can find and solve
all constraints, until one is left with a system of differential
equations only and no algebraic equations remain. The num-
ber of equations in this final system determines the number
of initial conditions which must be supplied in order to solve
the equations.

We then apply this algorithm to the scalar perturbation
equations derived in Sect. 4.4. Here we first consider the
generic case, i.e., we assume that all appearing matrices have
the maximal possible rank, which is not further reduced by a
particular form of the function f or the cosmological back-
ground evolution. We then find the following results:

1. For the two spatially curved cases discussed in Sects. 4.4.1
and 4.4.2 we find at the first step NI = 0 trivial equa-
tions, NA = 5 algebraic equations and ND = 5 differ-
ential equations. Solving the algebraic equations, we are
thus left with a solution space of dimension 3. Inserting
this solution into the remaining differential equations and
performing Gaussian elimination again, we find NI = 2
identically satisfied equations, NA = 3 algebraic equa-
tions and ND = 0 remaining differential equations. The
system is fully constrained.

2. In the spatially flat case discussed in Sect. 4.4.3, we see
that the vanishing curvature parameter u = 0 leads to a
reduced rank of the matrices constituting the linear dif-
ferential system. At the first step, we find NI = 1 iden-
tically satisfied equation, which arises from the fact that
the pseudo-scalar equation is identically satisfied and the
perturbation

N
ξ̂ is undetermined. There are NA = 4 fur-

ther algebraic equations and ND = 5 differential equa-
tions left. Solving the former gives a solution space of
dimension 4. Inserting this into the remaining differential
system, we have NI = 2 identically satisfied equations,
NA = 2 algebraic equations and ND = 1 differential
equations. The algebraic equations constrain the system
further to only two remaining variables,

N
ξ̂ and

N
ξ̂ ′, which

are set in relation by the final differential equation. Hence,
we find that

N
ξ̂ is undetermined (and fixes its time deriva-

tive
N
ξ̂ ′), while all other scalar perturbations are fully con-

strained.

For the following particular choices of the function f or the
values of the Hubble parameter H and the curvature param-
eter, the rank of the appearing matrices further reduces:

1. Setting fT T = 0, one finds that
N
ξ̂ is undetermined, while

the remaining scalar perturbations are fully constrained,
if no further assumptions are made. A further reduction of
rank occurs in the TEGR case f (T ) = T ; here both

N
ξ̂ and

N̂
y are undetermined, and one is left with the two Bardeen

potentials
N
φ̂ and

N
ψ̂ , as one would expect. In either case,

no propagating scalar degrees of freedom appear.
2. For fT = 0, none of the scalar perturbations is dynamical,

and their evolution is constrained to their initial values.
This is a degenerate case, in which the effective gravita-
tional constant vanishes.

3. For k2 = 3u2, one finds a non-dynamical mode. This
mode can be absorbed into the background.

4. If the background satisfies H = iu in the vector case or
H = 0 in the axial case, the mode

N̂
y, and in the vector

case also
N
ξ̂ , decouples from the field equations and is

left undetermined, while the remaining perturbations are
constrained.

5. Similarly, if the background dynamics satisfies H′ =
H(H + iu) in the vector case or H′ = H2 − u2 in the
axial case, the mode

N
ξ̂ decouples and is left undetermined,

while the remaining perturbations are constrained.
6. For

36iu(iu + H)2[(iu + H)H − H′] fT T
−[(3iuH + k2)(iu + H) − 3iuH′]a2 fT = 0 (127)

for the vector branch, or

36H2(u2 − H2 + H′) fT T + (3u2 − 2k2

−3H2 + 3H′)a2 fT = 0 (128)

for the axial branch, the rank of the initial matrix reduces
by one, and one of the algebraic equations is satisfied
identically. Following the complete procedure, one finds
that also in this case the system is fully constrained.

To summarize these results, we find there are no propagating
scalar degrees of freedom in any of the possible cases for
the perturbed field equations which govern the dynamics of
the linear perturbations. All scalar perturbations are either
fully constrained by the field equations, or left undetermined.
Thus, our analysis of linear perturbations does not yield any
special cases for the function f , in which the strong coupling
problem is absent. Such special cases can therefore only be
found by studying higher order perturbations, in order to
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determine whether those perturbations which decouple at the
linear order also decouple at every higher order. This is, of
course, the case for TEGR, where

N̂
y and

N
ξ̂ are pure gauge

quantities and decouple at any perturbation order.

6 Conclusions

The main pillar of modern cosmology is a homogeneous and
isotropic FLRW Universe, which serves as background stage
for the propagation of perturbations which are the source
for many properties of the cosmos we observe. Without the
underlying FLRW geometry it would be exceedingly difficult
to make any predictions from theoretical models.

In this work, we extend the study of the evolution of pertur-
bations in f (T ) gravity, in the covariant formulation outlined
in Sect. 2, to non-flat cosmologies on the one hand to be able
to address recent cosmological observations which may have
a slight preference for a closed Universe [48], while on the
other hand, to demonstrate explicitly the existence or absence
of the strong coupling issue, see [41], around the one or the
other geometric background solution of the theory.

Our main result is that for spatially curved homogeneous
and isotropic teleparallel background geometries in f (T )-
gravity the strong coupling problem continues to appear due
to the non-propagation nature of some scalar perturbation
modes, in addition to being present for the flat case. This
extends the result from the flat case to any non-flat FLRW
cosmology. However, it may be the case that certain other
cosmologies can evade this result and not express the strong
coupling issue.

There has been a long discussion regarding the number of
degrees of freedom in f (T ) gravity. The Hamiltonian formal-
ism has been studied by several authors (see a review [61])
and found that the number of degrees of freedom is either
three or five [45,62]. This number depends on the tetrad and
the symmetries imposed for the torsion scalar T (there are
two branches in the Hamiltonian formalism). When the tor-
sion scalar depends only on time (as in FLRW cosmologies),
the expected number of degrees of freedom predicted by the
Hamiltonian formalism is three. On the other hand, by taking
perturbations around flat FLRW, no new modes, i.e. just two
as GR, appear in f (T ) gravity [42]. This suggests that this
theory is strongly coupled against flat FLRW cosmology. The
consequence of such a result is that the linearized perturba-
tion equations will be coupled to higher order perturbations
terms making the system unstable. This may have an impact
on the background equations. This means that even the back-
ground evolution may be impacted by the impact of higher
order terms in the perturbations. This present work shows that
this is also the case for non-flat cosmological backgrounds.

Our strategy to reach this conclusion was to consider the
two most general non-flat homogeneous and isotropic tetrads,
the axial and the vector branch displayed in Eqs. (14) and
(15), and to explore their background and perturbative evolu-
tion in f (T ) gravity to study whether it contains any strongly
coupled modes, or not. Both branches converge smoothly to
the same flat FLRW limit as the curvature parameter tends
to zero. The background evolution of the two branches in
f (T ) gravity is governed by the axial and vector Friedmann
equation shown in Eqs. (67) and (68). Our main interest lies
in the evolution of the perturbations on these homogeneous
and isotropic backgrounds. To study linear perturbation the-
ory in teleparallel gravity we used a 3 + 1 and a differential
decomposition of all ingredients: for the degrees of freedom
in the linear perturbation theory, which are determined from
the tetrad perturbations, this decomposition is displayed in
Eq. (28), for the perturbations of the energy-momentum ten-
sor it can be found in Eq. (31) and for the field equations it
leads to six scalar (43), four vector (44) and a tensorial (45)
linearized field equations.

In Sect. 4 we assembled all these ingredients together to
investigate the evolution of the perturbations from the per-
turbed field equations in the context of the non-flat back-
ground cosmology. Starting from the background Fried-
mann equations for the vector (67) and axial (68) branch we
study different perturbation sectors (vector/axial/flat branch -
scalar/vector/tensor perturbations) in turn to explore the fate
of the perturbative degrees of freedom in each case.

• The tensor perturbations are given for the vector and the
axial branch in Eqs. (72) and (73) respectively. They both
predict the propagating of these modes with the speed of
light and contain an additional term proportional to fT T
compared to the flat case. Most importantly, all tensor
modes are well determined by the perturbative equations
displayed in Sect. 4.2.

• A similar conclusion can be drawn for the vector pertur-
bations. They are fully determined by equations (80) to
(82) and (85) to (88). Actually both cases of cosmologi-
cal curvature result in a vector sector that does not evolve
and so does not contribute to the cosmology of the theory,
as discussed in Sect. 4.3.

• Finally, for the pseudo-scalar and scalar sector the situ-
ation is different. This is the sector that exhibits strong
coupling in the flat case. Equations (94) and (104), which
determine the value of the pseudo-scalar mode

N
ξ̂ in the

non-flat case, are identically zero in the flat case. For the
flat case,

N
ξ̂ is undetermined. Thus, if this mode couples

to further modes in higher order perturbations theory, or
in the full theory, the theory is not predictive, since this
mode can assume any value.
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For all other scalar modes this problem does not emerge,
as we explained in Sect. 4.4.

To analyse the nature of the scalar perturbations, we have
performed a full decomposition of the scalar perturbation
equations into dynamical equations, constraints and iden-
tically satisfied relations in Sect. 5. Our analysis shows that
none of the scalar perturbations becomes dynamical, and that
all modes are either constrained or undetermined by the lin-
earized field equations. It follows that the strong coupling
issue persists also for the spatially curved f (T ) cosmology.

An interesting future research direction is to perform the
analogue analysis for f (Q) non-metricity theories of gravity
[63,64] to identify the first insights about the existence or
non existence of a strong coupling problem. For a definite
answer such an analysis must then be complemented by a
Hamiltonian analysis of f (Q)-gravity, which is nowadays
unexplored [65].
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