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1 What is the Duplex? 
Definition 1.1 Cons'icier a gT'nph G 'IU'ith the 'ueTie:r; set V(O) = {1JI,.·.,Vn } 

and edtjc set [(0) = {Cl, ... ,em} as ·w)1lnl. The Duplex of 0 (cienoted heTe 
hy DC:) -is the (fTO,ph with the following 'ueTte:r; (Lnd edge set: 

• V(DC:) = {'{JI •...• 'I'n.'III', .... '{I"',} 

• [(DU) = {CI" .. "C"".CI'",,,C/II'} snch that, fOT all Ci E [(0), i/Ci 

(Vi. /!,i), then Ci' = (1I
"
,'Uj') (Lnil Ci' = (Vi,,'/)j) 

CI(~arly,III,(DO) = 2m(G) and n(DO) = 2n(0) (hence the name 'duplex'). 
l"rOlll tile' ddinition of the Duplex of G, it is definitely bipartite with vertex pa.rti
tiollS {/I I , ... , '/I",} and {'/I 1', ... , 'Un' }. This means that DC always contains no odd 
circnit,s. Indeed, any odd circuit in G with v vertices will result in a circuit with 
:2'1' vertices ill DC, Even circnits in 0 with 'LV vertices result in two circuits, each 
with 11' vmtic('s, in DO. Figure 1 darities this point. 

102 

4 3 

102'1'02 

4' :3 4 T 

Graph G = C4 

Graph G = C:3 

Duplex of Graph G = 2. C4 

3~ 

~'. . _I 

\, 
Duplex of Graph G = C6 

Figul'C: 1: The Duplex of even and oelel circuit.s 

Tluls wc: have the following lemma: 

LClnrna 1.2 'i'he D'uple:/: is (f,l'll}II,:tJ.., /J'ipII,Ttite, 
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2 The Spectrum of the Duplex 

.\ \'{'l"V illl",<'l"{~stillg property tlmt tlw Dllplex lms is [,hat its spectrlllIl contains t,hc 
SP{'d.l"Illll or Lt\(, originnl graph G. To prove this, however, we first need i\. lelllllla 

rl"{)lll Illilt.rix Ltworv, which will Iw qlloted witiHmt proof. 

LCllllna 2.1 U M 'is ({. !w'Il-s.znfj'll.lo,·r sl]'I/,({,'rc m.afT'i:/:, then 

( 
1\1 

det I) IV ) q = det(L\f) . det(Q - pi\I-1 N) 

TIWOl'()ul 2.2 (/)( U) ! (/!(DG) 

Proof: COllsickr Hll' adjacc'IH'Y lllat.rix of n. VV{·~ C('\.ll write it ns: 

1I·1:.l ({·I:l 

() 1/.:1:\ ({'In) (() 
(/,'211 {{.;l'2 

() Cl.[ n 

({.1'2 (t,1:; 

() {/,'2:\ 
({.I·I'. ) 
({.'2n. 

() 

A ( 
() 

11,:11 

11.;, I 

( \'('llwllliJ{~rillg t.bat A IS symmetric. ) > From the detinition of the {lllplex of 
.!!; \'i\.p It (.'. t.lw ad.ian~ll<'.v lllatrix of DC: is: 

() () () () I/.\:l (/,1:\ Ci.ln 

() () () 11. l'2 () (/,'2:1 (f,'2n 

DA = 
() () () (/,1." rL'2n (f.:ln 0 
() 11·1 :l {f,1:; ({·I'II () 0 () 

(/,\:l () {f,2:~ ({,·2n. () () () 

{J,I." 11.'211. {[';In () () 0 () 

This ('all 1)(' writt{~ll hridly as: 

DJ.\. = (O'J.\.lXll A ) 
Onxn 

(11{'I·{'. t.l\{~ [·ad. HmI". tlw dllPI{~x of allY graph is bipartite is Vnl'y appi\,[,(~Ilt.) 

\I{)\\' it. is ,I,IT'11 kll()Wn Hmt, for the case when A is all a(liacc~ncy matrix, 
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\\'iUl this in milld, w!; call show what is rpC(nired to prove, tlms: 

o(DA) ( 
-/\1 

det A 

det(--X[)det(-/\1 A (-±1) A) Ilsing L(;mllm2.L 

( 
1.) ') ) (-XI)det --;;:(/\-1 - A-) 

(_XI) -- det(A-1 - A-) ( 1) ,) ,) 
/\11 

det(/\21 A:2) 

clet((/\1 A)(/\1+A)) 

clet(/\1 A)clet(/\I + A) 

1j)(A)clet(/\1 + A) 

1'lwJ'd'orc, (/;('OA) I (/)(A), as rcqnired, 

'.' Fl'Olll tlll' ahov(: tlwon:lll, w(: ('all easily fiml what is the spectrulll of tIw du
p1!'x of it gr;l,pll from its S]Wc:tl'lllll, Wc: sllOwed above thn,t (/)(VA) = (NA)clet(/\1 + A), 
wlwJ'(, DA il,ud A are the aclji1.cency matrices of VG and G respectively, Since 
C')( A) det(/\1 - A) = (/\ - /\1 )(/\ - A2) , , . (/\ - An) (where /\; : 1 :S i :S n me tlw 
d('lI u'lli,s of the spectrum of G wi r,h possible repetitions), it is intuitive to cOll(:I1H k 
illat dd(/\1 -I- A) = (/\ + /\1 )(/\ + /\.2)'" (/\ + /\11)' Indeed, this is Uw case, 

L()ltlllla 2.;~ U (jJ(A) .= clet(/\1 - A) = (/\ - /\1 )(/\ - /\2) ,. , (/\ All)' w/W'I'I; /\; : 

/I. (f,Te {;/w r:/1''1//'(;nts of the sped'!"If:!//' of G (with possible '1'epef,'it-io'l/.s), 

I.hl'lI dd.(/\1 + A) (/\ + /\1 )(/\ + Az)'" (/\ + /\n), 

I't'Ooi': Consider (jJ(A) = det(/\1 - A) = (/\ - /\1 )(/\ - /\2) , , ,(/\ - /\n) = (to + 
(\ 1 /\+- I\:!X'I-- ... + (\'IIX I

• III tlle cas() of clet(/\1 + A), it will he) ()xactly tIle S,WH-), 

('X('('pt Utat, t-.llC ('odficicnr,s of tlte: odd pow(m.; of /\ will be) -(Y.i instead of (Vi, i.(:, it 
will 1)(' ('([Ital to (V1l Itl/\ + ny\2 _ ... , + (-lll)cynXn., Also, (/\ - Ai) for all -i. was a 

I'ildol' for det( /\1 - A), vVllich meaus that no + Cy 1 Ai, + {V'y\f + ' . , + (Y" Xi' = O. This 
illlpli('s tltat, for clet(/\I -I-- A), (/\ -I- /\;) for all 'i is a fn,c:tor, sinc(" (to - !\:I ( /\;) + 
I\:z( /\ )'.! + ... +- ( -I ) 1I1\'n ( -/\;)11 = 0, as J'()quin)d, 

'I'll(' Idlowillg r('stIlt follows imul()diatdy from tll(: "hove lmllma: 

Pl'oposition 2.4 rr the SI)(;r;/,'!''II:rn of c: is (/\1, /\2,··" An) (ill'ith possihly n;-
j)('u.I('r/ (;/!''III,(''II.tS) , 1,11,(,'11. the sper;{,T"u:III, ofuC: is (/\1" /\" .. ,' XII' /\1, -/\~""" /\;,) 
(In'dh !)()ss'ihly '!'q)(;II,l.erl elnn.en,ts), 

n,Plllark: A graph is \)ipll,rtit(: if its spednllll is sYIllmetric a\)ollt 0, [<'!'Om till) 

;d)l)v(' ('(ll'olhrv, wc' C'OllhJ'lll n,gaill tltnJ. j',lw r111plc:x of il.tly graph is always hiparht·,(,. 
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