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The Duplex of a Graph

Alexander Farrugia

1  What is the Duplex?

Definition 1.1 Consider a graph G with the vertex set V(G) = {v,...,vn}
and edge set E(G) = {ey,...,em} as usual. The Duplex of (G (denoted here
by DC) 4s the graph with the following vertex and cdge set:

o V(D) = {uy..... U PO Uy

o E(DG) = {ere, . cemiCy . ey b such that, for all e; € E(G), if ¢; =
(vicugy, then ey = (v, 05) and ey = (vy,vy5)

Clearly, (D) = 2m(¢) and n{DC) = 2n(G) (hence the name 'duplex’).
[From the definition of the Duplex of (7, it is definitely bipartite with vertex parti-
tons {v, ..., v} and {vy, ... vy b This means that DG always contains no odd
cireuits. Indeed, any odd civeuit in ¢ with v vertices will result in a circuit with
2o vertices in DG BEven circuits in ¢ with w vertices result in two circuits, each
with w vertices, in D, Figure 1 clarifies this point.
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Figure 11 The Duplex of even and odd circuits
Thus we have the following lenumas

Lemma 1.2 The Duplex is always bipartite.
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2 The Spectrum of the Duplex

A very luberesting property that the Duplex has is that its spectrin contains the
spectrinn ol the original graph 7. To prove this, however, we st need a lemuna

from watrix theovy, which will be quoted without proot

Lemma 2.1 [f M is a non-singular square matriz, then

det ( [){ g] ) = det(M) - det(Q — PAMT'N)

Theorvem 2.2 () [ (D)

Proof: Consider the adjacency matbrix of (7. We can write it as:

0 (o a1y ... Uip 0 by 13 o0 Uy
azp 00 ey o any a0 ax ... aan
A = . . . . =
thpl Up2 dpy o ... 0 Uip  U2pn U3pn - .. 0

{remewmbering that A s symunetric.) >From the definition of the duplex of
graph (/. the adjacency matrix of D s

0 0 0 0 by (3 [€3F7)
0 0 Ce . 0 (i 0 23 .. 2y
DA = 0 0 e JN 0 iy A2y A3y ... 0
0 12 ys .. Uy 0 0 Ce c. 0
Ly 0 3y T 0 0 - . 0
Oy G O3n ... 0 0 0O ... ... 0

This can be writben briefly as:

0 A
DA = uxn
< A Onsxn >

(Here. the fact that the duplex of any graph is bipartite is vory apparent.)

Now it is well known that, for the case when A is an adjacency matrix,

NT— A% = (AL- A)(ML+ A)
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With this in mind, we can show what is required to prove, thus:

" o -Al A
HDA) = (.let< A _/\I>

1
= det(-ADdet(~AI - A <FKI> A) nsing Lemma 2.1

= (=\')det (-ﬁi\(/\'“’.[ - A2)>

s

= (=\") <~-\L-> det(A\I — A?)
= det(\’1 - A?)

= det (A = A)(AL+ A))

= det(\I - A)det(AL+ A)
d(A)det(AL+ A)

Therefore. @{DA) | @A), as required.

i

~Lrown the above theoren, we can easily find what is the spectrum of the du-
plex of a graph from its spectrum. We showed above that ¢(DA) = p(A)det(N -+ A),
where DA and A are the adjacency matrices of DG and ¢ respectively. Since
a(A) = det( AN — A) = (A= AN = A2) - (A= A,) (where A; 1 L €4 < n are the
elements of the spectrin of ¢ with possible repetitions), it is intuitive to conclude

that det(AT -+ A) = (A A )N+ Aa) - (A + A, Indeed, this is the case.
Lemma 2.3 [f o(A) = det(AL = A) = (A= A))(A = o) (A= \p). where A -

[ <t nare the clements of the spectrum of G (with possible repetitions),

then (l(—,“f,(/\I -+ A.) = (/\ + /\[ )(/\ + /\2) e (/\ -+ /\,,,),

Proof: Counsider ¢(A) = det(AI—A) = (A= A )(A=A) ... (A= X,) = +
AP A F oA g A I the case of det(A+ A), it will be exactly the same,
except that the coetficients of the odd powers of A will be —qy; instead of oy, Lo {6
will be equal to apy — g A + A — + (=1, A" Also, (A — A;) for all ¢ was a
factor for det(AL — A), which means that oy -+ o A; -+ (v,g/\f +- A AP =00 This
mplies that for det(AL4+ A), (A4 A;) for all 4 is a factor, since ag — vy (=) +
ol A R (=) (=A™ =0, as required.

The following result follows immediately from the above lemma:

Proposition 2.4 [f the spectrum of (s (A, Ao, o0 A\ (with possibly re-
poated elements). then the spectrum of DCds (A Aa, oo A=A — Ao -\ )
(relh possibly repeated clements).

Remark: A graph is bipartite if its spectrum is symmetric about 0. From the
above corollary, we confirm again that the duplex of any graph is always bipartite.
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