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André Xuereb,1, 2 Hendrik Ulbricht,3 and Mauro Paternostro1, ∗

1Centre for Theoretical Atomic, Molecular and Optical Physics, School of Mathematics and Physics,
Queen’s University Belfast, Belfast BT7 1NN, United Kingdom

2Department of Physics, University of Malta, Msida MSD 2080, Malta
3School of Physics and Astronomy, University of Southampton, Southampton SO17 1BJ, United Kingdom

(Dated: January 15, 2015)

We analyse a proposal that we have recently put forward for an interface between matter-wave
and optomechanical technologies from the perspective of macroscopic quantumness. In particular, by
making use of a measure of macroscopicity in quantum superpositions that is particularly well suited
for continuous variables systems, we demonstrate the existence of working points for our interface
at which a quantum mechanical superposition of genuinely mesoscopic states is achieved. Our pro-
posal thus holds the potential to affirm itself as a viable atom-to-mechanics transducer of quantum
coherences.

Optomechanical devices are frequently alluded to as
paving the path towards achieving macroscopic super-
positions. This point of view is clearly motivated by
the fact that the devices invoked in optomechanics, most
commonly in the form of mirrors in a harmonic poten-
tial, may be “macroscopic” in the conventional sense;
i.e., visible without the use of high-powered micro-
scopes and composed of a macroscopic number of par-
ticles. However, the large physical dimensions of the
systems at hand does not necessarily guarantee, de facto,
macroscopic character of the state one of them is pre-
pared into. This point was beautifully elucidated by
Leggett in his 1980 work, with the introduction of the
concept of “disconnectivity” as a semi-quantitative in-
strument to argue that phenomena commonly intended
as evidences of quantum effects at the macroscopic scale
(such as the Josephson effects in superconductors or
non-classical rotational inertia in superfluids) involve,
in reality, only one- or two-particle processes [1].

The problem of defining rigorous quantitative tools
to characterise the degree of macroscopicity of a given
quantum state has since then attracted some interest,
most noticeably epitomised by the formulation of crite-
ria that either refer the state of a system to specific rep-
resentations or count the resources that are actually nec-
essary to study such states [2–6]. In Ref. [7], a measure
built with the goal to exclude minimally invasive mod-
ifications of quantum mechanics that produce classical
behavior at the macroscale has been put forward and
applied to some relevant experimental examples.

In this paper we adopt the measure proposed in
Ref. [6] to address quantitatively the macroscopic char-
acter of the state produced by a recently proposed in-
terface between matter-wave resources and an optome-
chanical “detection stage” [8]. We determine the work-
ing point at which a certifiable macroscopic quantum
superposition is prepared on the mechanical subsys-
tem using the quantum coherence brought about by
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FIG. 1: The experimental setup we explore. A matter wave
is coherently split into two, and each arm of this matter-wave
interferometer leads to an optomechanical cavity. Optical to-
mography is used to produce phase-space portraits of the joint
mechanical state. Figure reproduced from Ref. [8].

the matter-wave resource. However, any relative phase
picked up by one arm of the interferometer will carry
forward to the mechanical subsystem and can be picked
up in the off-diagonal terms of the density matrix. Shot-
to-shot variations of this phase will appear as an effec-
tive decoherence mechanism whose effect on the size of
the superposition state we investigate in broad terms in
Sec. IV.

The remainder of this paper is organised as fol-
lows. In Sec. I we illustrate the basic principles of the
matter-wave-to-optomechanics interface that embodies
the technological platform for our study. Sec. II is de-
voted to a brief introduction of the measure of macro-
scopicity that represents the main tool for our analysis
and which is put in place to quantitatively characterise
the state of the mechanical modes in the optomechani-
cal detection stage of our proposal. Sec. III presents a
study of the effects that the key parameters entering the
formal description of the interface have on the degree of
macroscopicity of the mechanical state, while in Sec. IV
we provide an analysis of standard environmental de-
coherence. Finally, in Sec. V we draw our conclusions
and discuss open questions relevant to the study here at
hand.
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I. THE MODEL

The system we are interested in, as illustrated in Fig. 1,
is composed of two optomechanical cavities coupled
to (i) an optical interferometer used to drive the cavi-
ties and read out the state of the mirrors; (ii) two arms
of a matter-wave interferometer. The combination of
these two systems is the key feature of our setup, en-
abling as it does the transfer of coherence from the mat-
ter waves to the optomechanical subsystem. After N
particles have passed through the matter-wave inter-
ferometer, thus producing the initial matter-wave state

|ψ〉part =
(

2N
N

)−1/2 ∑N
r=0

(
N
r

)
|N − r, r〉part, the state of the two

mechanical mirrors can be described by the density ma-
trix

ρmech =
1
π2

∫
d2α(1)d2α(2)d2µ(1)d2µ(2)

×W(α(1), α(2))
[
⊗2

j=1Ô( j)
µ( j)

]
, (1)

with the phase-space variables α( j) = α
( j)
r + ıα

( j)
i , µ( j) ∈

C, the operator Ô( j)
µ( j) = eα

( j)µ( j)∗−c.c.D̂( j)(−µ( j)) proportional
to the Weyl displacement operator D̂( j)(µ) [9], and the
Wigner function [8]

W(α(1), α(2)) =
4

π2(2n̄ + 1)2
(

2N
N

)
×

N∑
r,r′=0

(
N
r

)(
N
r′

)
exp

(
−

2
2n̄ + 1

{
α(1)

r
2
+ α(2)

r
2

+
[
α(1)

i −
γ
2 (2N − r − r′)

]2
+

[
α(2)

i −
γ
2 (r + r′)

]2
})

× cos
[
2γ(r − r′)(α(1)

r − α
(2)
r )

]
, (2)

The parameter γ quantifies the momentum gained by
one of the mirrors upon being hit by a particle, and
n̄ =

{
exp[~ωm/(kBT )] − 1

}−1 is the average number of
phonons in the thermal baths (temperature T and Boltz-
mann constant kB) connected to the two mirrors, which
are assumed to be identical and having oscillation fre-
quency ωm. Although it is in principle possible to have
the mechanical mirrors being connected to baths at dif-
ferent temperatures, without affecting the generality or
validity of our analysis, here we assume T to be the same
on the two arms of the interferometer.

The question we want to ask in this paper is, there-
fore, How “macroscopic” is the superposition state formed in
this system? After addressing how this question may be
answered, we shall briefly discuss how the size of this
state depends on the various parameters that enter the
model. Upon introducing decoherence, we uncover a
nontrivial interplay between γ, which acts to make the
superposition more macroscopic, and n̄, which acts in
the opposite way.
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FIG. 2: Effect of increasing the number of particles impinging
on the mirrors for a constant value of n̄; the macroscopicity of
the superposition state increases monotonically with increas-
ing N. We show two values for n̄: 0 (blue data points), and
10 (red). For this figure we took γ = 10. The dashed blue
curve represents the mean number of phonons in the system,
nph; note that I(W) > nph throughout.

II. QUANTIFYING MACROSCOPICITY

We shall take as our measure for macroscopicity the
interference-based measure defined in Ref. [6]. In our
notation, we write

I(W) := max
[
0,−

π2

2

∫
d2α(1)d2α(2) W(α(1), α(2))

×

2∑
m=1

(
∂2

∂α(m) ∂α(m)∗
+ 1

)
W(α(1), α(2))

 . (3)

As shown in Ref. [6], in the absence of decoherence ef-
fects, I(W) for a single-mode bosonic field is equal to
the mean number of excitations in the field in the case of
a squeezed vacuum or the Schroedinger cat state |ψ〉 ∝
|α〉+ |−α〉where the kets refer to coherent states. Further-
more it can be shown that I(W) is upper-bounded by the
number of excitations in the system. Inspired by these
results, we shall compare I(W) to the average number
of phonons created in the mechanical subsystem in our
scheme. The latter is calculated as

nph = Tr
[(

â†1â1 + â†2â2

)
ρmech

]
, (4)

where âm the annihilation operator for phonons in me-
chanical subsystem m = 1, 2. Our data shows that, for
N = 1 and in the absence of thermal or decoherence ef-
fects, I & nph, with the closest approach occurring when
N = 1 and n̄ = 0. For large γ, N = 1, and n̄ = 0, we ob-
tain I(W) ≈ 2nph, the approximation improving super-
exponentially with increasing γ.

Let us now specialise to our case. By making use of
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Figure 3: E↵ect of increasing the number of particles impinging on
the mirrors for zero bath temperature. In this plot we show data for
� = 1 (blue data points) and � = 10 (red). The dashed curves repre-
sent the mean number of phonons for the two respective situations.

N = 1 and in the absence of thermal or decoherence ef-
fects, I & nph, with the closest approach occurring when
N = 1 and n̄ = 0. For large �, N = 1, and n̄ = 0, we
obtain I(W ) ⇡ 2nph, the approximation improving super-
exponentially with increasing �.

Let us now specialise to our case. By making use of

the definitions of ↵
(m)
r,i (m = 1, 2), we can rewrite

@2

@↵(m) @↵(m)⇤ =
1

4


@2

@↵
(m)
r @↵

(m)
r

+
@2

@↵
(m)
i @↵

(m)
i

+ ı

✓
@2

@↵
(m)
r @↵

(m)
i

� @2

@↵
(m)
i @↵

(m)
r

◆�
. (5)

We are now in a position to cast an explicit expression for
I(W ) into the form

I(W ) = max

(
0,

PN
r,r0,R,R0=0 N (r, r0, R, R0)

8(2n̄ + 1)2
⇥PN

r,r0=0 D(r, r0)
⇤2

)
, (6)

with

D(r, r0) :=

✓
N

r

◆✓
N

r0

◆
e�(2n̄+1)�2(r�r0)2 , (7)

and

N (r, r0, R, R0) :=

✓
N

r

◆✓
N

r0

◆✓
N

R

◆✓
N

R0

◆

⇥ exp
h
� 1

2 (2n̄ + 1)�2(r � r0 + R � R0)2
i

⇥
(

� 8n̄

2n̄ + 1
+ �2

�
r � r0 + R � R0�2

�

⇥ exp
h
2(2n̄ + 1)�2(r � r0)(R � R0)

i

� 8n̄

2n̄ + 1
+ �2

�
r � r0 � R + R0�2

)
. (8)

As is easily verified, when � = 0 we obtain I(W ) = 0, as
expected. We shall now proceed to explore the properties
of I(W ) as a function of the various parameters entering
our model.
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Figure 4: The opposing e↵ects of � and n̄. We show the situation
for N = 5 and plot I(W ) as a function of the temperature of the
mechanical baths. Increasing temperature leads to a decreased value
for the size of the superposition state, but this may be counteracted
by using a larger �. The dashed curves represent the mean number
of phonons. (Blue data points: � = 10, red: � = 1.)

3. Controlling macroscopicity

The setup we envisioned in Ref. [7], as explored above,
has three parameters that determine fully the mechanical
state formed after the interaction. Two of these parame-
ters, N and �, work together to produce larger superposi-
tion states. By increasing N , the state formed will have an
ever-increasing number of components. Similarly, if each
particle has a larger e↵ect on the motion of the mirrors
(i.e., if we increase �), the components of the superposi-
tion will be spaced further apart. In either case, we expect
I(W ) to increase monotonically with both N and �. On
the contrary, n̄ acts to spread out each peak in the super-
position, gradually destroying the interference e↵ects that
distinguish a superposition state from a classical mixture.
In this case, we expect I(W ) to decrease monotonically
with increasing n̄. We shall discuss these two influences
separately in the rest of this section.

3.1. Number of particles and interaction strength

Our expectation is borne out entirely, with I(W ) in-
creasing dramatically as the number of particles is in-
creased from N = 1, in which case the two-mirror state
is a simple two-component Schŕ’odinger Cat state shared
between the two mirrors. This increase slows down some-
what as N increases further, but no saturation is observed.
We show this behaviour in Fig. 2, where we plot the sit-
uation for two values of n̄; we note that the two curves
are displaced by approximately a constant factor. In this
case we can see that states created with more components
in the superposition (i.e., larger N) are more resilient to
the detrimental e↵ects of temperature. We note at this
juncture that the upper bound of I(W ) in the form of nph

grows with n̄, as expected, and therefore behaves in the
opposite way to I(W ) as the temperature is increased.

Similarly, and as expected, the e↵ect of increasing � is
opposite to that of increasing n̄. In Fig. 3 we show a dual
plot to Fig. 2: We fix the number of quanta in the baths
to zero and plot data for two values of �, demonstrating

3

FIG. 3: Effect of increasing the number of particles impinging
on the mirrors for zero bath temperature. In this plot we show
data for γ = 1 (blue data points) and γ = 10 (red). The dashed
curves represent the mean number of phonons for the two re-
spective situations.

the definitions of α(m)
r,i (m = 1, 2), we can rewrite

∂2

∂α(m) ∂α(m)∗
=

1
4

[
∂2

∂α(m)
r ∂α(m)

r

+
∂2

∂α(m)
i ∂α(m)

i

+ ı
(

∂2

∂α(m)
r ∂α(m)

i

−
∂2

∂α(m)
i ∂α(m)

r

)]
. (5)

We are now in a position to cast an explicit expression
for I(W) into the form

I(W) = max
{

0,

∑N
r,r′,R,R′=0N(r, r′,R,R′)

8(2n̄ + 1)2[∑N
r,r′=0D(r, r′)

]2

}
, (6)

with

D(r, r′) :=
(
N
r

)(
N
r′

)
e−(2n̄+1)γ2(r−r′)2

, (7)

and

N(r, r′,R,R′) :=
(
N
r

)(
N
r′

)(
N
R

)(
N
R′

)
× exp

[
− 1

2 (2n̄ + 1)γ2(r − r′ + R − R′)2
]

×

{[
−

8n̄
2n̄ + 1

+ γ2(r − r′ + R − R′
)2
]

× exp
[
2(2n̄ + 1)γ2(r − r′)(R − R′)

]
−

8n̄
2n̄ + 1

+ γ2(r − r′ − R + R′
)2
}
. (8)

As is easily verified, when γ = 0 we obtain I(W) = 0,
as expected. We shall now proceed to explore the prop-
erties of I(W) as a function of the various parameters
entering our model.

III. CONTROLLING MACROSCOPICITY

The setup we envisioned in Ref. [8], as explored above,
has three parameters that determine fully the mechani-
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Figure 3: E↵ect of increasing the number of particles impinging on
the mirrors for zero bath temperature. In this plot we show data for
� = 1 (blue data points) and � = 10 (red). The dashed curves repre-
sent the mean number of phonons for the two respective situations.

N = 1 and in the absence of thermal or decoherence ef-
fects, I & nph, with the closest approach occurring when
N = 1 and n̄ = 0. For large �, N = 1, and n̄ = 0, we
obtain I(W ) ⇡ 2nph, the approximation improving super-
exponentially with increasing �.

Let us now specialise to our case. By making use of

the definitions of ↵
(m)
r,i (m = 1, 2), we can rewrite
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We are now in a position to cast an explicit expression for
I(W ) into the form

I(W ) = max

(
0,

PN
r,r0,R,R0=0 N (r, r0, R, R0)
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⇥PN

r,r0=0 D(r, r0)
⇤2

)
, (6)

with

D(r, r0) :=

✓
N

r

◆✓
N

r0

◆
e�(2n̄+1)�2(r�r0)2 , (7)

and

N (r, r0, R, R0) :=

✓
N

r

◆✓
N

r0

◆✓
N

R

◆✓
N

R0

◆

⇥ exp
h
� 1

2 (2n̄ + 1)�2(r � r0 + R � R0)2
i

⇥
(

� 8n̄

2n̄ + 1
+ �2

�
r � r0 + R � R0�2

�

⇥ exp
h
2(2n̄ + 1)�2(r � r0)(R � R0)

i

� 8n̄

2n̄ + 1
+ �2

�
r � r0 � R + R0�2

)
. (8)

As is easily verified, when � = 0 we obtain I(W ) = 0, as
expected. We shall now proceed to explore the properties
of I(W ) as a function of the various parameters entering
our model.
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Figure 4: The opposing e↵ects of � and n̄. We show the situation
for N = 5 and plot I(W ) as a function of the temperature of the
mechanical baths. Increasing temperature leads to a decreased value
for the size of the superposition state, but this may be counteracted
by using a larger �. The dashed curves represent the mean number
of phonons. (Blue data points: � = 10, red: � = 1.)

3. Controlling macroscopicity

The setup we envisioned in Ref. [7], as explored above,
has three parameters that determine fully the mechanical
state formed after the interaction. Two of these parame-
ters, N and �, work together to produce larger superposi-
tion states. By increasing N , the state formed will have an
ever-increasing number of components. Similarly, if each
particle has a larger e↵ect on the motion of the mirrors
(i.e., if we increase �), the components of the superposi-
tion will be spaced further apart. In either case, we expect
I(W ) to increase monotonically with both N and �. On
the contrary, n̄ acts to spread out each peak in the super-
position, gradually destroying the interference e↵ects that
distinguish a superposition state from a classical mixture.
In this case, we expect I(W ) to decrease monotonically
with increasing n̄. We shall discuss these two influences
separately in the rest of this section.

3.1. Number of particles and interaction strength

Our expectation is borne out entirely, with I(W ) in-
creasing dramatically as the number of particles is in-
creased from N = 1, in which case the two-mirror state
is a simple two-component Schŕ’odinger Cat state shared
between the two mirrors. This increase slows down some-
what as N increases further, but no saturation is observed.
We show this behaviour in Fig. 2, where we plot the sit-
uation for two values of n̄; we note that the two curves
are displaced by approximately a constant factor. In this
case we can see that states created with more components
in the superposition (i.e., larger N) are more resilient to
the detrimental e↵ects of temperature. We note at this
juncture that the upper bound of I(W ) in the form of nph

grows with n̄, as expected, and therefore behaves in the
opposite way to I(W ) as the temperature is increased.

Similarly, and as expected, the e↵ect of increasing � is
opposite to that of increasing n̄. In Fig. 3 we show a dual
plot to Fig. 2: We fix the number of quanta in the baths
to zero and plot data for two values of �, demonstrating

3

FIG. 4: The opposing effects of γ and n̄. We show the situation
for N = 5 and plot I(W) as a function of the temperature of the
mechanical baths. Increasing temperature leads to a decreased
value for the size of the superposition state, but this may be
counteracted by using a larger γ. The dashed curves represent
the mean number of phonons. (Blue data points: γ = 10, red:
γ = 1.)

cal state formed after the interaction. Two of these pa-
rameters, N and γ, work together to produce larger su-
perposition states. By increasing N, the state formed will
have an ever-increasing number of components. Simi-
larly, if each particle has a larger effect on the motion
of the mirrors (i.e., if we increase γ), the components
of the superposition will be spaced further apart. In
either case, we expect I(W) to increase monotonically
with both N and γ. On the contrary, n̄ acts to spread out
each peak in the superposition, gradually destroying the
interference effects that distinguish a superposition state
from a classical mixture. In this case, we expect I(W) to
decrease monotonically with increasing n̄. We shall dis-
cuss these two influences separately in the rest of this
section.

A. Number of particles and interaction strength

Our expectation is borne out entirely, with I(W) in-
creasing dramatically as the number of particles is in-
creased from N = 1, in which case the two-mirror state is
a simple two-component Schroedinger cat state shared
between the two mirrors. This increase slows down
somewhat as N increases further, but no saturation is
observed. We show this behaviour in Fig. 2, where we
plot the situation for two values of n̄; we note that the
two curves are displaced by approximately a constant
factor. In this case we can see that states created with
more components in the superposition (i.e., larger N) are
more resilient to the detrimental effects of temperature.
We note at this juncture that the upper bound of I(W) in
the form of nph grows with n̄, as expected, and therefore
behaves in the opposite way to I(W) as the temperature
is increased.

Similarly, and as expected, the effect of increasing γ is
opposite to that of increasing n̄. In Fig. 3 we show a dual
plot to Fig. 2: We fix the number of quanta in the baths
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FIG. 5: The effects of decoherence. We set N = 5 and n̄ = 0, and
plot data for three values of γ: 1 (red data points), 2 (blue), and
10 (brown). Note the cross-over point beyond which increas-
ing γ worsens the situation. The dashed curves represent the
mean number of phonons at d = 0.

to zero and plot data for two values of γ, demonstrating
clearly that larger values of γ create larger superposition
states for any single value of N.

B. Bath temperature

The third parameter we investigate is the only one
that is detrimental to the size of the superposition
formed, as is clear from the data shown above. We
demonstrate in Fig. 4 that the effects of γ and n̄ run
somewhat counter to one another: One may overcome
the destruction of the superposition state brought about
due to an increased temperature by using particles with
a larger momentum (i.e., by increasing γ).

IV. DECOHERENCE

We can model decoherence, without reference to a
specific model, by introducing the function φ(r) =
exp

[
−(d r)2], where we call d the decoherence factor,

which acts to destroy the coherences necessary to main-
tain a superposition state. To do this we replace

N(r, r′,R,R′)→ N(r, r′,R,R′)φ(r − r′)φ(R − R′) , (9)

and

D(r, r′)→ D(r, r′)φ(r − r′) , (10)

in I(W). By looking at the form of W(α(1), α(2)), one sees
that the terms with r , r′ originate from the off-diagonal
terms in the two-mirror density matrix; it is precisely
these terms to which the coherences between the matter
waves in the two arms of the interferometer are trans-
ferred upon collision. We are thus describing effective
dephasing-like noise, which we deem to be the most rel-
evant for the sort of questions that we address in this
work. Setting d = 0 is equivalent to the decoherence-
free model discussed thus far. One expects that increas-
ing d will act to reduce I(W), and indeed this is what

we observe in Fig. 5. However, we notice here a qualita-
tive difference from the data set presented in Fig. 4; in-
creasing γ acts to counteract decoherence only for small
d. For each value of N (we show here only one) there
exists some value of d beyond which increasing γ aids
decoherence. Whilst being insensitive to the mechanism
producing the decoherence, in principle this fact allows
us to use this setup to investigate decoherence and dis-
tinguish its effects from that of thermal excitations in
the mechanical baths. Unfortunately, this mechanism
is very delicate and quickly becomes overwhelmed by
thermal effects.

V. CONCLUSIONS

We have addressed the macroscopic nature of the quan-
tum state of a fully mechanical system prepared using
a quantum interface able to transduce matter-wave co-
herence into mechanical quantum superpositions. We
have analysed the behaviour of a recently introduced
measure of macroscopicity of a quantum superposi-
tion designed to face the infinite dimensional nature
of the Hilbert space of continuous variable systems.
When compared to the average number of phononic
excitations within the state of the mechanical system,
such measure reveals that stringent experimental con-
ditions should be met in order to certify unambiguously
the macroscopic nature of the state engineered through
the proposed interface. While providing important in-
formation for the experimental community interested
in the tantalising challenge of extending the quantum
framework to the mesoscopic and macroscopic domain,
our results open up a series of questions. First, our
analysis reveals the paramount importance of design-
ing viable schemes for the engineering of macroscopic
quantum states that are robust against temperature or
decoherence effects. Second, our results may have un-
foreseen implications for the metrological estimation of
gravitational decoherence effects: The strong depen-
dence of the measure of macroscopicity on the mass of
the mechanical systems, through γ, could make it a sen-
sitive detector of gravity-induced decoherence, a possi-
bility that we are currently exploring.
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