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The formation of cosmological black holes is investigated using the functional Schrödinger equation
as observed by an asymptotic observer, assuming a spherical domain wall collapse process. The
mass formula of the Sultana-Dyer black hole is derived using Israel’s domain wall mathematical
framework. This is used to examine the semi-classical and quantum nature of the collapsing domain
wall in the general scale of an arbitrary scale factor, while ignoring evaporation and back reaction
mass losses. Particular FLRW scale factors are then explored for black hole horizon formation times,
all yielding the same over-all classical result, namely that an arbitrary amount of time is required
for an asymptotic observer to register the formation of this surface.
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I. INTRODUCTION

The process and mechanism by which black
holes take formation has been an enduring
enigma that has eluded speculation and investi-
gation since the first exact solution was presented
by Schwarzschild [1]. We explore this formation
process in light of the new frameworks developed
out of quantum theory and the increasingly
realistic models of domain wall collapse theory
[2–5]. In particular we consider the affect of
an expanding universe on shell collapse config-
urations which may play a significant role in
the primordial past and in the asymptotic future.

The spacetime region exterior, r > R, to
the collapsing domain wall is described by the
Sultana-Dyer metric, in our case, given by [6]

(
ds2
)+

= g+µνdx
µ
+dx

ν
+ = −

(
1− 2M

r

)
dη2 +

a2 (η)

[
dr2

1− 2M
r

+ r2
(
dθ2 + sin2θ dφ2

)]
,

(1)

where a (η) is the scale factor of the universe
and R = R (η) is the equation of the domain
wall radius. η is the timelike coordinate for the
expanding universe.

For the current universe the scale factor may be
set to unity, from which the Schwarzschild metric

[7] follows

(
ds2
)+

= g+µνdx
µ
+dx

ν
+ = −

(
1− 2M

r

)
dt2 +

dr2

1− 2M
r

+ r2
(
dθ2 + sin2θ dφ2

)
.

(2)

To measure the time taken for a black hole to
form for an observer at infinity, one may con-
sider the measured time interval of photons travel
time between the initial radius, R0, and the fi-
nal horizon radius, Rs = 2M , such that they
are radially propagating, which classically gives
a Schwarzschild time interval of

∆t =

∫ R0

Rs

dr

1− 2M
r

→∞. (3)

This is a non-finite result in this case. Thus such
an observer will not measure the creation of the
black hole while in the black hole proper frame
the horizon and furthermore the black hole itself
will exist.

For the asymptotic observer in a universe with
a changing scale factor, the time interval for the
production of a black hole from a shell is gener-
alized to∫ ti

tf

dη

a2 (η)
=

∫ R0

Rs

dr

1− Rs
r

→∞, (4)

where the time interval will depend on the exact
model used and the background metric has been
generalized to Eq.(1). However due to the lack
of an explicit expression of a (η), it remains
uncertain whether the observer at infinity will
or will not measure the production of a horizon
in a finite time, specific standard cosmological
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model phases of the universe are discussed and
examined later on.

On the other hand at some point quantum me-
chanical effects will become significant due to the
exceedingly close surface and final horizon sur-
face. When one considers quantum theory the
position of the domain wall has an inherent un-
certainty attached to it, in particular the horizon
radius takes on the form R = Rs + δRs, with an
uncertainty of δRs attached to the radius. Thus
resulting in a time interval∫ ti

tf

dη

a2 (η)
=

∫ R0

Rs+δRs

dr

1− Rs
r

(5)

∼ Rs ln
R0 −Rs
δRs

. (6)

If this was indeed the case, there would be
deep and profound implications for astrophysical
observations, such that classical arbitrary time
processes would be observable in finite time for
the standard cosmological forms of a (η).

However if quantum mechanics does play such
a role then the inherent uncertainly it implicates
can go in both directions, namely ±δRs. An
observational advantage for this process would
be that over time quantum effects do at some
point, in some instances, propel the realization
of the domain wall to such an extent within its
classical radius that a black hole does indeed
form due to the extreme strength of gravity
and its potential to overcome all other known
forces in such situations. In other cases this
uncertainly maintains the classical result of
infinite production time.

Setting the domain wall model into more con-
crete terms, we consider a Nambu-Goto spherical
domain wall as in Ref.[3, 8]. The action is given
by

S =

∫
d4x
√
−g
[
− 1

16π
R+

1

2
(∂µΦ)

2

]
− σ

∫
d3ζ
√
−ζ + Sobs, (7)

where the first tern is the Einstein-Hilbert action
which leads to general relativity, the second is a
scalar field for the action, this may open up the
possibility for massless scalar fields which could
couple to the gravitational field, the third term
accounts for the domain wall that is needed to
form the black hole in the first place. This last
action component is given in terms of the wall co-
ordinates, ζa, which forms a (1 + 2) domain wall

internal coordinate system, in addition the wall
tension, σ, is also included in this action. Lastly
the Sobs term denotes the action for the observer.

In this paper we investigate the collapse of
domain walls in a universe where the scale
factor is allowed to vary over external time, and
explore some of the observational consequences
for formation time intervals. Recently there has
been much interest in the quantum behavior of
shell collapses such as among others Ref.[3–5]
which explore this phenomenon as measured
both by asymptotic observers and infalling
observers, we inspect the former case. Other
approaches have been explored in [9–14]. In
Sec. II we derive a mass formula for the domain
wall as it collapses and present the formalism
in general for treating such structures. While
in Sec. III the semi-classical collapse model as
measured by an asymptotic observer is explored.
The quantum treatment is then given in Sec.
IV, where in both cases we derive the radial
equation of the domain collapse. Particular
scale factor models are considered in Sec. V as
well as consequences for the domain wall in the
asymptotic future. Sec. VI summarizes results
and includes a discussion.

Units where G = 1 = c = h̄ will be and have
been used. Repeated indices are to be summed
and note that the signature (−,+,+,+) is used
throughout. Greek indices are taken to refer to
the general coordinate system while Latin indices
are to refer to hypersurface coordinates as will be
shown later on.

II. DOMAIN WALL MASS

A. Experimental Set-up

Domain walls in a real sense represent jump
discontinuities in the stress-energy tensor which
in turn means that the background spacetime
metric contains the same analogues discontinu-
ity. To investigate this class of problems Is-
rael in Ref.[15] develops a mathematical frame-
work in which such problems can be differenti-
ated and explored to their natural end, in the
classical sense. The particular scenario that is
expounded upon in his framework is the case
where a spacetime M is separated into two dis-
tinct and discontinuous regions M±, with line-

elements given by
(
ds2
)±

= g±µνdx
µ
±dx

ν
±, where

the common boundary Σ forms a hypersurface
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[h]

FIG. 1: The timelike hypersurface Σ is shown which
forms the boundary of the individual spacetime re-
gions M− and M+. The normal n is also depicted.

with an induced line-element dσ2 = hijdx
idxj .

M+ andM− are respectively the exterior and in-
terior spacetime regions to the induced surface, a
configuration which is illustrated in Fig.(1). The
common boundary is hence defined by

∂M+ ∩ ∂M− = Σ, (8)

which in a more concise way is why a hypersur-
face results.

This led to an extensive study of domain walls
in general with a focus on mass formulae in terms
of wall parameters such as in Refs.[2, 16–18],
which we here expand to include cosmological
black holes [6].

The unit normal to Σ is introduced as the vec-
tor n pointing fromM− toM+, with the scalar
product used in a constraining manner through

n · n = gµνn
µnν ≡ ε =

{
1, if Σ is timelike

−1, if Σ is spacelike.

(9)

Since the surface Σ is formed by the geometry
of the two regions M±, the extrinsic curvature
may be used to compare and contrast the two ge-
ometries. In particular the extrinsic curvature on
either side K±

µν is taken to be the n-component
of the covariant derivative in one of the regions
M± on a vector eµ in Σ, giving

K±
µν = n · ∇±

µ eν = εnαΓαµν |± . (10)

Now for the induced metric to have a non-
vanishing surface to map to, the metrics span-

ning the two regions must agree on the surface
in question, however the embedding and so the
extrinsic curvature need not agree. Defining the
induced metric to be the projection

h±µν = g±µν − εn±µ n±ν , (11)

meaning that there must exist a transformation
of some sort on Σ that relates h+µν with h−µν ,
allowing us to set h±µν = hµν since this is a
surface metric only.

Considering now the Gauss Theorema
Egregium and the Codazzi equation in a suitable
form [7, 16] which can be respectively given by

(3)Rαβµν = Rλγσρh
α
λh

γ
βh

ρ
ν +

ε
(
Kα

µKβν −Kα
νKβµ

)
,

(12)
(3)∇αKβµ − (3)∇µKβα = Rλσρδnλh

σ
βh

ρ
αh

δ
µ,

(13)

two relationships result which hold for both ex-
terior and interior regions

Eµνn
µnν = −1

2
ε(3)R+

1

2

(
K2 −KαβK

αβ
)
,

(14)

Eµνh
µ
αn

ν = −
(
(3)∇µKµ

α −(3) ∇αK
)
. (15)

Einstein’s field equations are above taken to be

E±
µν = κT±

µν , (16)

where Rµν is the Ricci curvature tensor,
R = gµνRµν is the Ricci scalar, Tµν is the stress-
energy tensor, κ = 8π and Eµν = Rµν − 1

2Rgµν
is the Einstein tensor.

Due to the fact of there being two distinct
spacetime regions separated by a boundary sur-
face Σ, we define the following operators to sim-
plify matters later on

[A] ≡ A+ −A−, (17)

{A} ≡ 1

2

(
A+ +A−) . (18)

Next the Lanczos equation is introduced [16]

[Kij ]− hij [K] = εκSij , (19)

where Kij is the intrinsic curvature and ε is set
to 1 when Σ is timelike, and −1 when Σ is a
spacelike surface. Latin indexes are used to refer
to the surface metric on the common boundary
domain.
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By contracting Eq.(19) with hij and substitut-
ing the result back into Eq.(19), the equality

[Kij ] = κε

(
Sij −

1

2
hijS

)
, (20)

follows.

Thus relating the stress-energy tensor with the
different Σ surfaces that may be considered. Σ
will be taken to be a timelike surface in the fol-
lowing, and so we let ε = 1. Also we use the
identity [16]

[AB] = [A] {B}+ {A} [B] . (21)

Applying the operator defined in Eq.(17) and
taking the Lanczos equation given in Eq.(19), the
relations Eq.(14, 15) can be reformulated to give

(3)∇jSji + [Tin] = 0, (22)

Sij{Kij}+ [Tnn] = 0, (23)

which are what will lead in the next part to a
hold on the domain wall mass formula.

B. Mass

Moving now onto the effects of a stress-energy
tensor of this sort in a cosmological context. At
the jump discontinuity, between the interior and
exterior of the domain wall, a surface stress-
energy tensor is considered of the general form

Sij = σuiuj ,

uiui = −1, (24)

which describes a dust shell and where σ is
the mass-energy density of the shell. The ui

components of the co-moving velocity will be
tangent to the surface layer.

For the region interior to the domain wall,
r < R, the spacetime background is described
by means of(

ds2
)−

= g−µν = −dT 2 + a2 (η)
[
dr2 +

r2
(
dθ2 + sin2 θdφ2

) ]
, (25)

which is found by letting the mass vanish in the
Sultana-Dyer metric, and where the argument
will be suppressed for a (η) in what follows unless
otherwise stated. The interior time coordinate,
T , is related to the asymptotic time, η, in the
exterior by a relation on the shell derived below.

Considering (1 + 1)−slices of the interior solu-
tion given in Eq.(25), one finds the differential

α =
dT

dτ
=
√

1 + a2R2
τ , (26)

where Rτ = dR
dτ .

Next we consider (1 + 1)−slices of the exterior
solution in Eq.(1) which gives

β =
dη

dτ
=

1

1− 2M
R

√
1− 2M

R
+ a2R2

τ , (27)

this finally results in the combination

Ṫ =
dT

dη
=

√
1− 2M

R
−

2M
R a2Ṙ2

1− 2M
R

, (28)

where dots represent differentiation with respect
to external time η. The above relation only holds
on the shell of the domain wall.

In light of the vanishing stress-energy tensor
and due to Eq.(22), it follows that

(3)∇jSji = (3)∇j
(
σuiuj

)
= ui (3)∇j

(
σuj

)
+ σuj (3)∇jui

= 0. (29)

Contracting with ui and utilizing the identity
uia

i ≡ uiu
j (3)∇jui = 0, where ai are the com-

ponents of the acceleration

(3)∇j
(
σuj

)
= 0, (30)

which implies a conserved particle number, and
furthermore

uj (3)∇jui = 0, (31)

meaning that the dust particles are freely falling
giving geodesic worldline paths.
Secondly Eq.(23) results in

Sij{Kij} = σuiuj{Kij} = 0. (32)

The line-element, hij , for the (1 + 2)−shell is
described by

ds2 = −dτ2 + a2 (η)
[
R2 (τ)

(
dθ2 + sin2 θdφ2

)]
,

(33)
where the proper time, τ , is used since the shell
is in its proper coordinate system. In the case
of the corresponding metric for the domain wall,
Eq.(22) results in the proper time derivative

στ = −σ 1√
|h|

(√
|h|uj

)
,j
, (34)



5

where h is the determinant of the hij and spatial
derivatives of σ vanish due to the uniform dis-
tribution of mass-energy about the shell. Note
that

h = −a4 (η)R4 (τ) sin2 θ. (35)

Thus giving

στ = −2σ

(
1

a
aτ +

Rτ
R

)
, (36)

and integrating

σ =
A

a2R2
, (37)

where A is a constant. Furthermore the shell
mass is given by

µ = 4πR2σ, (38)

which is clearly a constant because evaporative
and back reaction forces are being ignored since
they are not important for the aim of this anal-
ysis, namely formation times for cosmological
black holes.

Considering now the four-velocity as measured
from an observer outside the domain wall, this is
given by

uα+ = (ητ , Rτ , 0, 0) , (39)

while by holding to the condition uαnα|± = 0,
the vector nα is found to be

n+α = (−Rτ , ητ , 0, 0) , (40)

and thus placing the restriction

uαuα|+ = η2τ g̈
+ +R2

τg
+
rr = −1. (41)

Taking the covariant derivative, uβ∇β , of the
velocity identity uαu

α = −1 and substituting, it
is found that

nαa
α|+ =

(
nr − ṅ

ur
u̇

)
uβ∇βur|+. (42)

For the same region all the components of the
acceleration vanish except for the radial part
given by

ar = uβ∇βur|±

= ur,βu
β |+ + Γrαβu

αuβ |+, (43)

where the second term is given by

Γrαβu
αuβ |+ = a2

[
2aRτ ȧ

√
1− 2M

R
+ a2R2

τ +
M

R2

]
.

(44)

Hence giving a final acceleration of

ar = Rττ+a2

[
2aRτ ȧ

√
1− 2M

R
+ a2R2

τ +
M

R2

]
.

(45)
Using Eq.(39), Eq.(40) and Eq.(27)(

nr − nη
ur
uη

)
|+ =

1√
1− 2M

R + a2R2
τ

. (46)

Giving Eq.(42) in terms of domain wall parame-
ters

nαa
α|+ =

1√
1− 2M

R + a2R2
τ

[

a2

(
2aRτ ȧ

√
1− 2M

R
+ a2R2

τ +
M

R2

)

+Rττ

]
. (47)

Setting M = 0 corresponds to the same quan-
tity for the interior region of the domain wall

nαa
α|− =

1√
1 + a2R2

τ

[
2a3RτaT

√
1 + a2R2

τ +Rττ

]
.

(48)

Contracting the geodesic equation, uα∇αuβ |±,
and employing Eq.(10), the orthogonal compo-
nents of the acceleration are found to be

nαa
α|± = K±

iju
iuj . (49)

Along with this and the vanishing stress-energy
form of Eq.(23), the following pivotal relationship
emerges

nαa
α|+ + nαa

α|− = 0. (50)

Now by considering the Lanczos equation in
Eq.(19) and Eq.(49) for this stress-energy tensor

[aαnα] =
κ

2
σ, (51)

which when coupled with Eq.(50) it follows that

− 2aαnα|− =
κ

2
σ = 4πσ. (52)

Also by Eq.(50), the acceleration of the domain
wall is found in terms of lesser derivatives to be

Rττ =

−2a3Rτ

[
da

dT
+ ȧ

]
−

a2 MR2√
1− 2M

R + a2Rτ


√

1− 2M
R + a2R2

τ

√
1 + a2R2

τ√
1− 2M

R + a2R2
τ +

√
1 + a2R2

τ

, (53)
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which substituted into Eq.(52) gives the mass of
the domain wall

M =

1
2

[√
1− 2M

R + a2R2
τ +

√
1 + a2R2

τ

]
4πR2σ

a2 − 4a3

R3 Rτ ȧ
√

1− 2M
R + a2R2

τ

.

(54)
This reduces to the mass function found in
Ref.[17] when the scale factor is set to unity, as
was expected. The generalization is important
because it incorporates the changing scale factor
of the universe which has effects in some, cosmo-
logical, cases, and will certainly have effects on
black hole formation due to the long time scale
on which such black holes are expected to take
to form.

For relatively fast cosmological events as they
in general are or for large event horizons, the sec-
ond term in the denominator can be ignored, and
thus Eq.(54) becomes

M ≈ 1

2a2

[√
1− 2M

R
+ a2R2

τ +
√

1 + a2R2
τ

]
4πR2σ, (55)

which is still heavily dependent on the particular
scale factor function a (η). Next solving for M
explicitly in terms of the proper radial velocity

M =
4πR2σ

a4

[
a2
√

1 + a2R2
τ − 2πRσ

]
, (56)

which in interior coordinate time, T , turns out
to be given by

M =
4πσR2

a4

[
a2√

1− a2R2
T

− 2πσR

]
, (57)

due to a relationship that emerges through
Eq.(26), namely√

1 + a2Ṙ2 =
1√

1− a2R2
T

. (58)

Considering Eq.(56) and its physical interpre-
tation, the first term in the numerator represents
the total rest mass of the shell, whereas the sec-
ond term accounts for the binding energy or self-
gravity of the domain wall, hence this forms the
total energy of the domain wall, and so can be
considered as the Hamiltonian H ≡M .

III. SEMI-CLASSICAL OBSERVER AT
INFINITY TREATMENT

Placing the spherical ansatz in Eq.(57) along
with the metric into the original action in Eq.(7)

leads to an effective action for the radial coordi-
nate. However this does not lead to the correct
dynamics for the gravitating system, and more-
over does not lead to the mass conservation law in
Eq.(55). Thus an alternative approach [3] must
be taken, namely that of taking an appropriate
ansatz for the Lagrangian followed by comparison
with the Hamiltonian through the Hamiltonian
Legendre transformation. Giving the correct ef-
fective action

Seff = −4πσ

a4

∫
dTR2

[
a2
√

1− a2R2
T − 2πσR

]
,

(59)
which when written in terms of external time be-
comes

Seff = −4πσ

a4

∫
dηR2

[
a2

√
1− 2M

R
− a2Ṙ2

1− 2M
R

− 2πσR

√
1− 2M

R
− a2Ṙ2

2M/R

1− 2M
R

]
. (60)

Thus the associated Lagrangian turns out to be

Leff = −4πσ

a4
R2

[
a2

√
1− 2M

R
− a2Ṙ2

1− 2M
R

− 2πσR

√
1− 2M

R
− a2Ṙ2

2M/R

1− 2M
R

]
. (61)

Finding the radial velocity derivative yields the
generalized momentum, Π, such that

Π =
∂Leff

∂Ṙ
=

4πσR2Ṙ

a2
√

1− 2M
R

[
a2√(

1− 2M
R

)2 − a2Ṙ2

− 4πσM√(
1− 2M

R

)2 − 2Ma2Ṙ2

R

]
, (62)

again employing the Hamiltonian Legendre
transformation (in terms of Ṙ) yields a Hamil-
tonian

H =
4πσR2

a2

(
1− 2M

R

)3/2
[

1√(
1− 2M

R

)2 − a2Ṙ2

− 1

a2
2πσR√(

1− 2M
R

)2 − 2M
R a2Ṙ2

]
. (63)

Now to eliminate Ṙ in favor of Π would mean us-
ing Eq.(62) and solving a quartic. Alternatively
we consider the near field of the horizon, as R
approaches 2M , when the denominators are ap-
proximately equal and the generalized momen-
tum approaches

Π ≈ 4πµR2Ṙ

a2
√

1− 2M
R

1√(
1− 2M

R

)2 − a2Ṙ2

, (64)



7

Taking

µ (η) ≡ σ
(
a2 − 4πσM

)
, (65)

resulting in a Hamiltonian equivalent to

H ≈
4πµR2

(
1− 2M

R

)3/2
a4
√(

1− 2M
R

)2 − a2Ṙ2

=

[((
1− 2M

R

)
a3Π

)2

+

(
1− 2M

R

)(
4πµR2

)2 ]1/2
, (66)

and so the Hamiltonian has the form of the
energy of a relativistic particle,

√
p2 +m2, with

a position dependent mass measurement.

Considering next the fact that the Hamiltonian
is a conserved quantity, it may be taken as a con-
stant of motion such that

µR2
(
1− 2M

R

)3/2√(
1− 2M

R

)2 − a2Ṙ2

= h, (67)

where h = H/4π is a constant (up to the
approximation used in obtaining the simpler
form of the Hamiltonian in Eq.(66)).

Solving Eq.(67) for Ṙ

Ṙ = ±
1− 2M

R

a

√
1−

(
1− 2M

R

)
µ2R4

h2
, (68)

which near the horizon takes the form

Ṙ ≈ ±
1− 2M

R

a

(
1− 1

2

(
1− 2M

R

)
µ2R4

h2

)
.

(69)

The dynamics for R ∼ Ṙ can thus be obtained

by solving the equation Ṙ = ± (1− 2M
R )
a , which to

leading order in R− 2M yields,

R (η) ≈ 2M + (R0 − 2M) e
± 1

2M

∫
dη

a (η) , (70)

where R0 is the radius of the domain wall when
η = 0.

The negative sign is chosen since collapsing so-
lutions are being investigated but the positive
sign would describe expanding domain walls such
as simple big bang investigations. The solution
above implies that the asymptotic classical ob-
server does not ever measure the formation of

the black hole horizon since R (η) = 2M only

when

∫
dη

a (η)
→ ∞, which is as expected since

when a (η) = 1, the asymptotic time taken for
the domain to reach the future horizon grows as
in Eq.(3), a fact which should not change with
the size of the universe, as long as its size is not
smaller than the future horizon itself. However in
that case, since the black hole would have already
formed in a real sense, and thus existed through-
out the process, the foundational supposition of
the above analysis would have been broken, that
the black hole must not have pre-existed and so
the background metric within the domain wall
can be described by a flat metric given in Eq.(1).
Quantum effects are now probed for changes in
this conclusion.

IV. QUANTUM TREATMENT

Taking the square of the classical Hamiltonian

H2 =

(
1− 2M

R

)
a3Π

(
1− 2M

R

)
a3Π

+

(
1− 2M

R

)(
4πµR2

)2
, (71)

where a choice has been made as regards the or-
dering of

(
1− 2M

R

)
a3 and Π. This quantity will

be used later in the Schrödinger equation of the
domain wall. In general, terms are added that
depend on the commutator

[(
1− 2M

R

)
a3,Π

]
as

throughout modern quantum mechanics. In the
limit R→ 2M[(

1− 2M

R

)
,Π

]
∼ 1

2Ma3
. (72)

Taking H to be the mass, M , of the domain
wall, the terms due to the operator order ambi-
guity will be negligible provided that

M � 1

2Ma3
∼ Mp

Ma3
, (73)

where Mp is the Planck mass. Hence the order
ambiguity for domain walls much greater than
the Planck mass can be ignored.

Applying now the standard quantization pro-
cedure, we let

Π = −i ∂
∂R

, (74)

and considering the squared time-dependent
Schrödinger equation

H2Ψ = −∂
2Ψ

∂η2
, (75)
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yields

− a6
(

1− 2M

R

)
∂

∂R

((
1− 2M

R

)
∂Ψ

∂R

)
+

(
1− 2M

R

)(
4πµR2

)2
Ψ = −∂

2Ψ

∂η2
. (76)

In order to solve this equation, we let

u =
1

a3

(
R+ 2M ln

∣∣∣∣ R2M − 1

∣∣∣∣) , (77)

which along with

a3
(

1− 2M

R

)
Π = −i ∂

∂u
, (78)

is used to convert the squared Schrödinger equa-
tion into

∂2Ψ

∂η2
− ∂

2Ψ

∂u2
+

(
1− 2M

R

)(
4πµR2

)2
Ψ = 0. (79)

This is just the massive wave equation in a
Minkowski background with a mass measure-
ment that depends on position. Note that R
can be written in terms of u, in principle, by
means of the transformation in Eq.(77), taking
care of course to choose the correct branch
in turn, since R ∈ (2M,+∞) transforms to
u ∈ (−∞,+∞), and R ∈ (0, 2M) similarly
corresponds to u ∈ (−∞, 0).

In order to investigate the situation of the col-
lapsing domain wall, the region R ∼ 2M is ex-
amined, noting that the logarithm in u (R) dom-
inates in this region, so that

R = 2M + 2Me
a3u
2M , (80)

giving wave-packet solution propagating toward
the R = 2M surface since as u→ −∞,(

1− 2M

R

)
∼ e a

3u
2M → 0, (81)

and where finally the last term in the massive
wave equation can be ignored.

Wave packet dynamics in this region are simply
given by the free wave equation and any such
function of the light-cone coordinates (u± η) is
a solution. In particular taking a Gaussian wave
packet solution that is propagating toward the
horizon radius

Ψ =
1√
2πS

e−(u+t)2/2s2 , (82)

where s is some chosen width of the wave packet
in the u coordinate. The width of the Gaussian

wave-packet remains fixed in the u coordinate
while it shrinks in the R coordinate through
the relation dR = a3

(
1− 2M

R

)
du which follows

by the transformation. This fact reinforces the
classical result that even the horizon is not seen
to ever form by an outside observer, since if the
wave packet were to remain constant in size in
the R coordinate, then it might cross the horizon
in some finite time, however this is not the case.

The wave equation in Eq.(79) implies that
in the u coordinate the wave packet travels at
the speed of light, however since the horizon is
located at u→ −∞ it will still take an arbitrary
large amount of time for the domain wall to
collapse to the future horizon radius. Hence the
classical conclusion for the asymptotic observer
stands inspite of the quantum treatment.

The massive wave equation was considered us-
ing the squared classical Hamiltonian with the
inherent order ambiguity of the term, which was
necessary to eliminate the square root from oc-
curring. Other quantization procedures may re-
sult in a different final conclusions, for example
instead of following this procedure we could have
taken the near horizon approximation

H =

[((
1− 2M

R

)
a3Π

)2

+

(
1− 2M

R

)(
4πµR2

)2 ]1/2

≈ ±
((

1− 2M

R

)
a3Π

)2

, (83)

where signs are chosen so as to render a non-
negative Hamiltonian. The same result follows in
this particular case, namely the time-dependent
Schrödinger equation yields wave packets propa-
gating at the speed of light in the u coordinate
and with a horizon located at u→ −∞.

V. THE SCALE FACTOR

Considering now the specific theory of the uni-
verse offered by the standard cosmological model
and the FLRW-metric in particular, the scale fac-
tor assumes three distinct forms dependent on
the phase that the universe is in. For the primor-
dial universe, the equations of state of the mass
within the universe can be approximated by the
gas equation of state due to the extreme condi-
tions that existed, such as the hot and denseness
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of these matter fields, known as the radiation-
dominated era, an associated scale factor of

a (η) ∝ η1/2, (84)

is attached. The universe eventually cooled down
enough to allow matter to form thus giving birth
to the matter-dominated era. This era has the
defining feature of primordial matter structures,
which approximated by a pressureless gas gives a
scale factor of

a (η) ∝ η2/3. (85)

Finally the present age was realized, namely the
dark-energy dominated era, where the equation
of state assumes an entirely different form, that
of vacuum energy leading to an exponential ex-
pansion of the universe such that the scale factor
becomes

a (η) ∝ e
√

Λ
3 η. (86)

The mass of the domain wall given in Eq.(54)
in all of the above cases results in a scenario
where the mass function in the eternal future
vanishes as measured by the asymptotic ob-
server. This is to be expected since as the
acceleration of the universe continues to increase
mass structures are expected to either form very
dense compact structures such as black holes or
in turn be ripped apart in the asymptotic future.

As for the radial component of the domain wall,
classically this is given by Eq.(70), which reduce
to the individual radii

RRad Dom (η) ≈ 2M + (R0 − 2M) e−η
1/2/M ,

(87)

RMat Dom (η) ≈ 2M + (R0 − 2M) e−
3η1/3

2M ,
(88)

RMat Dom (η) ≈ 2M + (R0 − 2M) e−
1

2M e−η ,
(89)

for the respective FLRW phases, all resulting in
collapse for the domain wall to the expected value
of 2M in arbitrarily large asymptotic times. The
same final result is achieved for the quantum
treatment, found through Eq.(80)

RRad Dom (η) ≈ 2M + 2Me
η3/2u

2M , (90)

RMat Dom (η) ≈ 2M + 2Me
η2u
2M , (91)

RMat Dom (η) ≈ 2M + 2Me
e3ηu
2M . (92)

As shown all confirm the same result that the
black hole is only observed to form after an infi-
nite amount of time has past in the external time
η coordinate.

VI. CONCLUSION

In this paper we investigated the behavior of
a collapsing domain wall using the Schrödinger
equation in an expanding universe characterized
by a scale factor a (η), where η is the time as
measured by an asymptotic observer. We have
expanded on the black hole cases looked at in
Refs.[2–5] in that the scale factor and so certain
cosmological models can now be taken into
account in calculating the ability of black holes
to form as well as the likelihood that a domain
mass configuration will collapse into a black hole
structure.

The classical result was shown in Eq.(4) which
yields infinite formations times, followed by a
discussion of some quantum ramifications. Next
the situation was given some mathematical
structure ending in the mass formula for this, a
black hole which is just a cosmological version
of the Schwarzschild black hole.

Following that introduction, the collapse of
a gravitating spherical cosmological domain
wall in both the classical and quantum cases
was delved into, ignoring back reaction and
evaporative processes. It is sometimes said that
quantum mechanical processes may lead to a
contradiction of the classical result, however our
quantum treatment reinforces that result and
hence it follows that this must be a reasonably
general result [3] even in the FLRW cosmological
case. This last point was investigated in the
last section which revealed that in an FLRW
universe domain walls collapse even when it is
the case that its expansion is accelerating, that
is an arbitrarily large amount of time is still
required.

The mass of a collapsing body will inevitably
decrease from its initial value due to evaporation
and back reaction, and so the domain wall
begins a process of pursuit of the decreasing
horizon during the collapse phase. It is only
after the associated horizon radius has been
surpassed that the black hole can form. Thus
the question is not only will the domain wall
collapse to form a horizon but also will there be
any mass left in the shell by such time as this is
realized, that is will the potential horizon vanish,
reduce to R = 0, before the shell producing
it reaches its decreasing event horizon radius?
It seems unlikely since such processes become
weaker as the mass decreases, however further
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analysis would have to be done to have a definite
answer to this question. Furthermore if such
an eventuality were to occur then an infalling
observer would never cross the event horizon due
to its non-existence and so the same observations
will be made by this and the asymptotic observer.

Realistically however such a collapse model
must be further complicated by external forces
such as external gravitational fields and nearby
matter which may disrupt the process and
prompt the production of a black hole in finite
time irrespective of the natural arbitrary time
needed, even during accelerated cosmological
expansion.

The resulting equations produced in this pa-
per are important in that they implant some of
the complications necessary for a more realistic
model of gravitational collapse, in this case the
expansion of the universe was accounted for with
a number of particular periods of expansion ex-
amined. In any observation of black holes we will
only ever be asymptotic observers, in the first
hand measurement sense, and so it is only the
measurements in this respect that matter irre-
spective of whether they are astrophysical obser-
vations of laboratory experiments. Furthermore
it is clearly the case that, with the exception of
Planck scale effects, the period of collapse will in
the main produce the most energetic and obser-
vationally significant phenomena seen by outside
observers [20] and so it is a formation that could
yield important answers for observational prob-
lems.
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