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Directions to Candidates

Answer ALL questions.
Fach question enrvies 10 marks.

Graphical calculators are not allowed however scientific caleulntors can be used but all necessary working

must be shoun.

1. (&) Let a, b, ¢ be real numbers and suppose that a # 0. Use the method of completing
the square to shiow that for the quadratic equation az® + br + ¢ = 0 to have real roots
one must have 0 — dae > 0.

[5 marks]
{b) Show that the quadratic equation in x
(e" +3)z® + 3e s + (" —4) =0
has real and distinct roots for every real value u.
[5 marks]

£

The point P has position vector 4i+j — k. The line £, passes through P and is parallel to
the vector i + k. The line £, passes through P and is parallel to the vector j + ak, where
« is a positive number.

{a) Find a given that {5 makes an angle of 60° with (.

(h) The line £5 has equation

1
v =5i — S+ Bk + AM2i + 3j + 5k).

Find & given that €, intersects (). Show that €5 intersects £ as well.
[4, 6 marks]

©The MATSEC Examinations Bonrd reserves all vights on the examination questions in all examinntion papers sot by the said Board.
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3.

o

(a) Find 2 x 2 matrices A and B which represent clockwise rotations through 30° and 60°
respectively, about the origin.
(b) Show that BA = _01 0
(¢) Find the least natural number n such that (BA)* = I, where I is the 2 x 2 identity
matrix.
(d) Find the image of the line y = 3 -+ 1 under the transformation BA..
[4, 3, 1, 2 marks]

. Which single transformation is equivalent to BA?

(a) Express 5 — into partial fractions.
[2 marks]
(b} Solve the differential equation
; ol el
¥ (9 — %) sm(y”’)—”—’ = 8z,
da
given that ¥ = 0 when x = 0.
[8 marks]

Express 8sin2¢ + 15¢os 2r in the form Rsin{2r + a), where R > 0 and a lies in the
interval [0,7/2]. [ence find:
(a) the greatest and least values of

1
8sin2x + 15cos2r 4+ 25

(b) the values of « in the range [0, 2], correct to to 2 decimal places, for which
8sin2r -+ 15c0s22 = 10,

[4, 2, 4 marks]

. (1) A function f is defined by —v4 — r? for real values of =2 < & < 0. Define the inverse

function f~! stating its domain and range. Skeich the graph of f aud f-L
[6 marks]
(b) Given functions f(r) = /r and g(r) = v — 2, find (f o g)(x) and (g o H(z) giving
their domains.
[4 marks]
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7. (a) A six-sided die is loaded in a way that each even face is twice as likely as each odd
face. All even faces are equally likely, as are all odd faces. Construct a probabilistic
model of a single roll of this die and find the probability that the outcome is less than
four.

[5 marks]

(b) Consider n people who are attending a party. We assumne that every person has an

cqual probability of being born on every day during the year, independent of everyone

else. Assuming that nobody is born on the 29" February and that n < 365, find the
probability that each person has a distinet birthday.

[5 marks]
1L} . :
8. (a) Given that = = 5 — 12 express /7 and E in the form a + ib, where a, b are real
numbers.
[5 marks]
(b) Show that = = 2 — 5/ is a root of the equation
TP+ 41287 =0,
Find the other two roots.
[6 marks]

. - dy  9e'®(bz +c)
9. (a} Differentiate y = ¢'#*/6r — T and simplify your answer i the form —= = ———e
. pilly 'y dz oz =1
where b and ¢ are integers to be determined.
4

. E . t
(L) A curve is given parametrically by » = o

t—-1
and y = ——. Find:
¥ =¥l
(i) the gradient in terms of ¢;
(ii) the equation of the taugent at the point where t = 1;
(iii} the distance of the point (2,3) from this line.

[4, 3, 2, 1 marks]

10. Use the suggested substitutions to find
" sinrcost

(i) / —————— r [substitution: 1 + cos? r = ¢,
J 1 4 cos= &
{ii} /.r:siu @ dr [substitution: /i = ¢,
giving vour answers in terms of r.,
[4, 6 marks]
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Directions to Candidates
Answer SEVEN gquestions, Each question earvies 15 marks,

Graphieal caleulators are not allowed however scientific colewlators can be wsed but all necessary working

st be shown.

i 2Inr
L. (&) Find / 7W dr. [Hint: use the substitution « = (Inx)* + 1.)

() Solve the dilferential equation
; dy .
r ({In .r)“’ + I.) l_} + 2y lnw = Ga*,
e

given that ¢ =9 when ¢ = 1.
(c} Solve the differential equation

}

dy .
— — Yy =5cos2r,
da®

-

. 0 dy
given that ¢y = e and T G when x = 0.
: dx

[2, 6, 7 marks]

2. The plane [T, has equation 2e — 3y 4 = = 26. The point A has position vector i+ 2j 4 2k.

(a) Find the equation of the line ¢) passing through .1 that is perpendicular to the plane
[T,. Find the point B where ¢4 intersocts 1.

(b} Show that

r=3i—5j+ 5k+ A2 +j - k)
is the vector equation of a line £y in the plane IT; that passes through B.

(¢} Let ¢ aud D be the two poiuts un the line ¢ that are a distance of 41/5 units frow
A, Find the position vectors of ¢ and D. Find the area of the trinngles ABC and
ADBD.

(4, 3, 8 marks]

Phe MATSEC Examations o poserves all nights o e examinatjon Auestions in adl exammation papers st by the sadd Boarnd,
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a2 =5+ 7

r=3
(a) Find the range of y lor real . Hence, or otherwise, find the coordinates of the turning

points.

A curve has equation y =

[6 marks]

(b) Find the equations of the asymptotes and sketch the curve.
[7 marks]

(c) Show that

h1as no real solution.
[2 marks]

{(Note: throughout this question, all angles have to be taken in radians.)
(n) Show that the equation Inf{cos r) + 1 = 0 has a solution between 1 and 1.5.

(i) Use the Newton-Raphson method to Hud an approximate value of this solution,
taking 1.25 as a first approximation. Do lwe iterations and give yowr working
to four decimal places.

(i) Solve the equation and conipare the answer to the result you obtained from the

Newton-Raphson method.
(9 marks]

(1)) Evaluate the intearal / hifcos ) de by Simpson’s Rule with an interval width of

h =0.5. Give your answers to four decimal places.
[6 marks]

. Prove the following statements by mathematical induction.

R i
(a) For every positive integer i,

" R
a4 ar4art 4o far” ! = TR
r=
[4 marks]
(b} For every non-negative integer n, 3" > 27,
[5 marks]
{¢) For every positive integer > 2
1 i L b | | : i n=1
1.2 2.3 " 3.4 (n—=1-n" u
atel hence,
I 1 1
FErEtEt <l

(6 marks]
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6. {(a) Show that for two sets A and B we have:
(i) A=A NnBYu(d' nB),
(i) B'=(ANnBYu(4A'nB),
(i) (ANBY = (A NnByu(A'NBYU(ANB).
Consider rolling a fair six-sidecl die. Let A be the sct of outcomes where the roll is an
odd number. Let B he the set of outcomes where the roll is less than 4. Calculate
the sets on both sides of the equality in part (iii), and verify that the equality holds.
[6 marks])
(b) We draw the top 7 cards fromn a well-shuffled standard 52-card deck. Find the prob-
ability that:
(i) The 7 cards include exactly 3 aces.
(ii) The 7 cards include exactly 2 kings.
(iii) The T cards include exactly 3 aces, or exactly 2 kings, or both.
[9 marks]

7. (a) Use De Moivre’s Theorem to show that:

(1+ V3" = 2" (cos % -+ ¢ sin ’—I::> :

t.

(1 e I:)fi @(COS _‘_r_’:l’z 2 i %) -

[f 1+ 3/ is a root of the cquation

310
2+ gl—j:—;-:)— + 2v2(1 — iWz = a +ib,
find the values of the real constams a and b.
[8 marks]
{b) Find the points of intersection ol the loci given by the equations |z — 2 — i} = 4 and
|z =5—3i) =|z—1+1i|
[7 marks]

8. The curve S and the circle C have polar equations r = 3 + 2cos# and r = 3 respectively.
(a) Sketeh the curve and the cirele on the same ases and fiud the polar coordinates of
their points of inlerseetion.
[6 marks]
(b) Find the area of overlap of the curve and circle.
[6 marks]
() A line passing through the pole meets the curve S at A and B, Show that whatever
the gradient of this line, AL has o fixed length of 6 units,
[3 marks]
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9. {a) Use the definitions of the hyperbolic functions to prove the identity
cosh(.r + y) = cosha cosh y + sinh e sinh y .

[4 marks]
(b) Express 13cosha + 3sinha in the form Rcosh{e + E), where R is positive and & is
in logarithmic form. Hence sketch the graph of y = 13 cosh x + Ssinhz and find the
range of values of p for which 13 cosh x + Ssinlie = p has two real distinet roots.
[6 marks]
(¢) Show that

I 1 -1 et
- , (| — dr.
Jo 13coshr + 5sinhua Ju 9e** + 4
By using the substitution v = ¢*, or otherwise, lind the value of this integral.

[5 marks]}

10. (a) Let wy =i F2j —k, uy = 3i +2j + k and ug = i — k. By letting x = xi + yj + 2k,
solve simuliancously lor x the following linear equations

X-uy =1,
Xl = -1,
X-Uy=2.

[7 marks]
() Let

a b
A= ({.' d)

be a 2 x 2 matrix, where a, b, ¢ and d are real numbers. \We say that 4 admils an
ciyenvector if Lhere exists a unit vector u and a real number A such that Au = Au.
(i) Show that A adinits an cigenvector precisely when
(tr ,—l)2 —ddet 4 >0,
where tr.A is the trace of A, f.e. the sum of the entries on the leading (iagonal
(the dingonal from the upper left to the lower right) ol A.
(ii) Deduce that if & = ¢ then A admils an eigenvector.
(iii) Find an example of @ 2 < 2 matrix that does not adinit an eigenvector.
[8 marks]
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