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Directions to Candidates

Answer ALL questions.

Each question carries 10 marks.

Graphical calculators are not allowed however scientific calculators can be used but all necessary working must be
shown.

1. Find the general solution of the differential equation

dy
—— =eV 1+ x* .
P e’ *(1+x%)secy
Find also the particular solution for which y =0 when x =0.
[8, 2 marks]
d , .
2. (a) Show that ix sin“ x =sin2x.
[2 marks]
d
(b) Find — sin(2In x).
dx
[2 marks]
L, . dy ‘y
(c) Let y =sin“(Inx). Find — and —=, and show that
dx dx2
d’y  dy
2L px—— 44y =2.
o dx2 X dx y
1
[Hint: Use the identity sin® A= > (1—cos(2A)).]
[6 marks]
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3. (a) The points A and B have position vectors 4i—j+5k and —2i—3j+ 3k, respectively. Find the
position vector of M, the midpoint of the line segment AB.
[2 marks]
(b) The line ¢, with vector equation r = ak+ A(bi+ 2j+ ck) passes through M and is perpen-
dicular to the line segment AB. Find a, b and c.
[4 marks]
(c) Theline ¢, has vector equation r = 2i+ dj+ u(ei+j+2k). Find the positive number e such
that the lines ¢, and ¢/, make an angle of 60° with each other. Find d for this value of e
given that /, and ¢, intersect.
[4 marks]

1—
4. (a) The function f(x) = 3xx is defined for all real x # 0 and the function g(x) = T3y is

defined for all real x # —3.
(i) Find an expression for the composite functions (f > g)(x) and (g ° f)(x), and the do-
main of each (as composite functions).
(i) Is(f-g)(x)and (g- f)(x) the same function? Give reasons for your answer.
[4, 1 marks]
(b) Consider the function h(x)=1In(—x —1) which is defined for all real x in the interval
—2<x<-1.
(i) Draw a sketch of the graph of k.
(ii) Find an expression for the inverse function 27'(x) and state its domain.
[2, 3 marks]

5. Leti=+v—1.
(a) Find the values of the real numbers a and b such that (a + ib)*> = +/3i — 1. Hence, or
otherwise, solve the quadratic equation

4z°+4z+2—+/3i=0,

giving your answers in the form p+¢qi, where p and g are real numbers given in surd form.
[5 marks]
(b) If ¢ and B are the roots of the quadratic equation

(14+i)z°=2iz+3+i=0,

express each of a + 8 and af in the form x + iy, where x and y are real numbers. Find
the quadratic equation whose roots are @+ 2 and 2a + 3.
[5 marks]
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6. (a) Considering the cases x > 0 and x < 0 separately, solve the inequality
5 2
142x—x >; (x eR, x #0).

[5 marks]

(b) The second, fourth, and eighth terms of an arithmetic progression are in a geometric pro-

gression, and the sum of the third and fifth terms is 20. Find the first four terms of the
arithmetic progression.

[5 marks]

7. (a) Using an appropriate substitution, evaluate
' 3
J (x*+ x)cos(x>+ Exz) dx.
0

[5 marks]
(b) Use integration by parts to find the rational values of p and g such that

9
J VxInxdx=pln3+gq.
1

[5 marks]

8. Four lines are given by the equations:

b y—2x—7=0
l,: 2y—4x—6=0
l3:2y+x+4=0
l;: 6y+3x=6

(a) Determine which lines are parallel and which are perpendicular.
(b) Find the length of a diagonal D of the rectangle enclosed by the four lines.
(c) Find the equation of the circle ¢ having D as one of its diameters.
[2, 5, 3 marks]
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9. (a) Eightposters are to be distributed in twelve classrooms so that no classroom receives more
than one poster. Find the number of different ways how this can be done if:
(i) the posters are all different;
(ii) the posters are all the same.
[2, 2 marks]
(b) (i) Show thatthe number of positive integers with at most 4-digits such that all the digits
are distinct is

9(14+9(1+8(1+7(1))).
(ii) Hence, or otherwise, find the number of all possible positive integers with distinct
digits.
[3, 3 marks]
10. The diagram shows part of the graph
7
Y =Y, + Rcos(wl +a) 0 e —%,g],

where Y, R, w and a are constants.

X PN

e
N
e

e
N

— i :\ —— /: —t—t—t—t+— 0
TN /=
N

(a) Find the values of ¥, R, w and «a given that R >0 and a € (0, ).
(b) Show that Y = Y;+ Acos(w®)+ Bsin(w8@) for some constants A and B. Find A and B and
hence find the general solution of the equation

Y+(21/§+4sin9)cost9 =2.

\®]

[4, 6 marks]
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Directions to Candidates

Answer SEVEN questions. Each question carries 15 marks.

Graphical calculators are not allowed however scientific calculators can be used but all necessary working must be
shown.

1. (@) Solve the following first order linear differential equation

dy +ycotx—cosx =0

ax 7 -
(b) Solve the differential equation

dzy y 3x

E — GE + 9y =e,

1 d
given that y = 5 and é =2 when x =0.
[When finding the particular integral, use C x*e3* as a trial solution.]

[7, 8 marks]

2. (Note that angles should be taken in radians throughout this question.)
(a) Show thatthe equationsin(x*+1)=2e* —3hasasolution between 0 and 1. Use the Newton-
Raphson method to find an approximate value of this solution, taking 0.5 as a first approx-
imation. Do two iterations and give your working to four decimal places.

[7 marks]
1

(b) (i) Evaluate

0
answer to four decimal places.

p= dx by Simpson’s Rule with an interval width of & = 0.25. Give your

(ii) Write down the series expansion of up to and including the term in x!°. Obtain

X9
an approximate value of the integral in part (i) by integrating this series expansion.
Give your answer to four decimal places.

[4, 4 marks]
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Inx 1
3. (a) (i) Show thatf x*Inx dx =x3 (T — 5) + C, where C is a constant.

(ii) Let I, :J x*(In x)" dx. Show that

1 4 N
I"_Sx (Inx) 5 In-1-

(iii) The region bounded by the curve y = 9x(In x)? and the x-axis between x = ¢! and
x =1 is rotated through 27 radians about the x-axis. Find the volume of the solid

that is generated by this rotation.
[2, 3, 5 marks]
(b) A tyre/doughnut shaped balloon is being inflated, such that its shape retains the propor-

tions as shown in the diagram.

inner radius = r

tyre radius = 3 —— tyre centre

Air is pumped into the balloon at a rate of 2 cm®/sec. Find the rate of change of the surface
area of the balloon when the inner radius r is 16 cm.
[Note that the balloon with inner radius r has volume given by 67?13 and surface area

given by 127t%r2.]
[5 marks]
2
4. The function f is given by f(x)= w
(a) Determine the equations of the asymptotes of the curve y = f(x).
[3 marks]
(b) Find where the curve y = f(x) cuts the coordinate axes.
[2 marks]
(c) Find the stationary points of the curve y = f(x) and determine their nature.
[4 marks]
(d) Sketch the curve of y = f(x).
[3 marks]
(e) Deduce:
(i) the range of values of f;
(i) the nature of the roots of the equation f(x)+4x+12=0.
[1, 2 marks]
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5. (@) (@) Show that
1 1 _ 2(2r +3)

r(r+1) (r+2)r+3) rr+0)(r+2)(r+3)°
2r+3

r(r+1)(r+2)(r+3)

(ii) Find S, =

r=1

and hence, deduce S..

[2, 5 marks]
(b) The curve % has polar equation r = f(0) for 0 < 8 <, where f(8)=1—2sin386.
(i) Show that f(5—t)= f(5 + t), and hence deduce the equation of a line of symmetry
of r = f(0).
(ii) Find the equations of the tangents to the curve at the pole.
(iii) By taking values of 6 at intervals of %, sketch the curve 6.
[2, 2, 4 marks]

6. The point A has position vector 2i —4j + 3k, and the line ¢, has a vector equation
r=i+j—4k+ A(51i—8j+k).
(a) Find the equation of the plane II, that contains both the point A and the line ¢,.
[4 marks]
(b) Find the equation of the plane II, that passes through ¢, and is perpendicular to I1,. Find
the distance of A from IT,.
[6 marks]
(c) The plane II; has equation 2x + ay + fz =—6. Find a and f3 given that II; passes through
A and is parallel to ¢,. Explain why there is no point that lies on all three of the planes IT,,
I1, and I1;.
[5 marks]

7. In this question i = v/—1.
(a) Let f(x)=(k?—1)x2—2ak?x + k*a® where k # 1. Show, by the method of completing the
square, that

k2
fx)=(*-1)((x—2ray—a*A(A—1)), where A= i
(b) Let P(z)be the point on the Argand diagram representing the complex number z and sat-

isfying the equation
|z|=kl|z—wl,
where w is a fixed complex number and k is a fixed positive real number not equal to 1.
Use part (a) to show that the locus of P(z) is a circle having centre at Aw and radius equal
to |w|v/ A(A—1).
(c) Making the substitution z = u—2—31i, use part (b) to find the maximum value of |u|, given
that u € C satisfies
V2|lu—2-3i|=+v3lu+2|.
[4, 5, 6 marks]
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8. (a) Use the principle of mathematical induction to prove that for every integer n > 1,

< n
> rt=—(n+1)2n+1).
r=1 6
(b) Hence find an expression for 32+ 6% +---+(3n)?.
(c) Given that

A, =124+4°+7"+---+(3n—2)*, and
B,=2°45°+8"+---+(3n—1),
show that A, + B, =6n®*—n and A,, — B,, = —3n?. Hence find A,, and B,, in terms of n.

[6, 2, 7 marks]
t 2 1 1 t
A=(2 t+2 1 u,=|2 n=|1]1,
5 8—t 4 t 1

where t is a real number.
(@ (i) For which values of ¢ does the equation A;x=u, have a unique solution?
(ii) Show that if the equation A;x=u, has a solution, then it is unique.
(iii) Find A"
[9 marks]
(b) LetII, denote the plane passing through the point with position vector u, and normal to
the vector n,.
(i) Find the Cartesian equation of the plane IT,.
(ii) Showthat4x+6y+3z+2=0isthe Cartesian equation of the plane that is transformed
into the plane II, by the transformation A,.
[6 marks]

10. A game is played with three standard six-sided fair dice. The player wins if all the three dice
show the same number. The game starts with the player rolling all three dice. After the first
roll, the player decides to stop or re-roll one or three dice according to the following strategy:

o if the three dice show the same number, the player stops and wins;

o if exactly two of the dice show the same number, the player rolls the other die;

o if all the dice show a different number, the player rolls all three dice.
Find the probability that:
(a) all three dice show the same number on the first roll;
(b) exactly two dice show the same number on the first roll;
(c) the player wins the game given that on the first roll exactly two of the dice showed the same

number;
(d) the player loses the game.
[3, 4, 4, 4 marks]
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