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Directions to Candidates

Answer ALL questions.

Each question carries 10 marks.

Graphical calculators are not allowed however scientific calculators can be used but all necessary working must be
shown.

1. (a) Use an appropriate substitution to find the integral

1+1
| Hax
X
[3 marks]
(b) Hence, find the general solution of the differential equation
d
x(y +2)£ =1+Inx.
Find also the particular solution for which y =—1 when x = 1.
[5, 2 marks]
d d?
2. (a) Let y = x*In x. Find &Y and _y’ and show that
dx dx2
d’y , dy
2L 4 x—L —4y =4x°.
* dx2 * dx y=ax
[5 marks]

(b) A curve has equation 2y?—3x%y + x3>—2 = 0. Find the equation of the tangent line to the
curve at the point (3, 1).

[5 marks]
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3. The point A has position vector 5i —j— 6k, and the line ¢, has vector equation
r=3i+4j—k+A2i+j+k).

(a) Find the point B on /¢, such that ABis perpendicular to /,. Hence, write down the equation
of the line ¢, that passes through A, intersects ¢,, and is perpendicular to ¢;.

[5 marks]
(b) The vector ai+ j+kis perpendicular to both ¢, and /,. Find « and .

[3 marks]
(c¢) Find the distance AB.

[2 marks]

1 9
4. Let f(x)=(1+x9%) (4x2 — E) , where x e R\ {0}.

(a) Find the coefficient of x* in the expansion of f(x).

[5 marks]
(b) Solve the inequality f(x)> 0.

[5 marks]

5. (a) Find thelocus of the point P which is equidistant from the point A with coordinates (4,—1)
and the line with equation y =2x.
[3 marks]
(b) Determine the coordinates of the two points B and C where the locus in part (a) intersects
the line with equation 3x + y —4=0.
[3 marks]
(c) Determine the image of the line BC under the linear transformation represented by the

3 4
matrix M = ( O g)
5 5

[4 marks]
6. (@) Use partial fractions to find
x?+4x+1
dx
(x—1)(x+1)(x+3)
[5 marks]
(b) Use the substitution x =3sin 8 to find
X
dx.
f vI—x2
[5 marks]

Page 2 of 4



AM 27/1.20S

7. (a) Resolve into partial fractions the function

x?—1
X)=————.
Fx) 2x2—13x+6
[4 marks]
(b) Show that
1 Ccos x
— . =tanx
cosx 1l+4sinx
and hence, solve the equation
1 cos x
— - +2=0
cosx 1l+sinx
for 0° < x <360°.
[3 marks]
(c) Solve the equation
2logy x +3=2log, 9.
[3 marks]

8. Robert rolls a fair 12-sided die three times. Each face of the die has one of the numbers from
1 to 12 such that no face has the same number. The number on the top of the die after each
roll is recorded.

(a) If the numbers are written down in the exact order in which they appear, how many
different ordered triples are possible?

[2 marks]
(b) How many of the ordered triples would be made up of:
(i) the numbers 1, 1 and 2;
(i) the numbers 1, 2 and 3?
[2 marks]

(c) Hence, or otherwise, if the order in which the numbers are drawn is not important, how
many different unordered triples are possible?
[4 marks]
(d) Ifthevalues of each triple are added and the sum obtained is recorded, how many different
sums are possible?
[2 marks]

1
9. (a) Leti=+/—1. Given that z =1+ +/3i, express 7z in the form p +qi, where p and g are real

numbers given in surd form.
[5 marks]
(b) How many integers greater than or equal to zero and less than 1000 are not divisible by 2
or 52 What is the average value of these integers?
[5 marks]
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x—2

10. (a) The function f(x) = xiz is defined for all real x # —2. If g(x) = f( ), derive an

expression for g(x) and find its domain.
[4 marks]

, 1
(b) Thefunctionsp :R —Rand g :R— Raredefinedbyp(x)=+v2x—1andg(x)= 3 (x3 + 1).

Find an expression for the composite functions (p ° g)(x) and (g ° p)(x), stating their
domain and range (as composite functions). Determine whether p and g are mutual

inverses.
[6 marks]
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Directions to Candidates

Answer SEVEN questions. Each question carries 15 marks.
Graphical calculators are not allowed however scientific calculators can be used but all necessary working must be
shown.

1. (a) Solve the first order linear differential equation

d 3
AP
dx x2+1
given that y =1 when x = 1. Give your answer in the form y = f(x).
[8 marks]
(b) Solve the differential equation
d’y dy
—~ 2L py=2e",
dx2 dx y=ee
. dy
given that y =1 and i 0 when x =0.
[When finding the particular integral, use Ax*e* as a trial solution.]
[7 marks]
1 2 -3 X
2. (@) LetA=|2 5 -1 |[.Findall vectorsv=| y |such that Av=0.
5 12 -5 z
[7 marks]
(b) LetP= (f:l 2) satisfy P> =P and Pu=u, where u= (i) Find a, b and c, given that ¢ #0.

[8 marks]
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3. (Note that angles should be taken in radians throughout this question.)

(a) Show thatthe equation e®* = x* hasasolution between 1 and 2. Use the Newton-Raphson
method to find an approximate value of this solution, taking 1 as a first approximation. Do
two iterations and give your working to four decimal places.

[8 marks]

(b) Evaluate f e“** dx by Simpson’s Rule with an interval width of h = 7/4. Give your

0
answer to four decimal places.
[7 marks]

4. (a) (i) Show that J Inx dx = xInx—x + C, where C is a constant.

(ii) Let I, = | (Inx)" dx. Show that I,, = x(Inx)" —nlI,_,.

(iii) The region bounded by the curve y = (In x)? and the x-axis between x =1and x =e
is rotated through 27 radians about the x-axis. Find the volume of the solid that is
generated by this rotation.

[2, 3, 5 marks]

(b) A cylindrical shaped metal bar is expanding because it is being heated. The length of the

bar at any point in time is 57, where r is the radius of the circular cross-section. The area

of this cross-section is increasing at a rate of 0.06 cm?/sec when the radius is 4 cm. Find
the rate of change of the volume of the bar at this instant.

[5 marks]
5. Leti=+v—1.
(@) (i) Using Euler’s identity e’? = cos @ + isin 8, prove the compound angle identities:
cos(x+y) = cosxcosy—sinxsiny,
sin(x+y) = sinxcosy+cosxsiny.

(ii) Show thatif z=cosf +isinf and p €R, then
2cospf=z"+z" and 2isinpf=z"—z7".
(iii) Prove that
16cos’ @ = cos50 +5cos36 +10cos 8,
for every 6 € R. Hence, evaluate

J cos’ 0 d@.
0

(b) Find each of the fourth roots of 84/3 + 8i .

[2, 2, 7 marks]

[4 marks]
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2x—5

. ) 2x2—7x+3
(a) Determine the equations of the asymptotes of the curve y = f(x).

6. The function f is given by f(x)=

[3 marks]
(b) Find where the curve y = f(x) cuts the coordinate axes.

[2 marks]
(c) Sketch the curve of y = f(x).

, [4 marks]

The function g is given by g(x)= %
(d) Find the equation of the oblique asymptote of y = g(x).

[3 marks]
(e) Hence, sketch the curve of y = g(x) on the same diagram used for y = f(x).

[3 marks]

7. (@) (i) Obtain the Maclaurin’s series of the function (2 —sin x)z, up to and including the term
in x°.

(ii) Give the coefficient of x2k+!

in this expansion, where k is any positive integer.
[4, 2 marks]
(b) (i) Show that for any positive integer n,

1+2+3+4+...+(2" " —1)=2"2(2""—1).

(ii) Find the sum of the even numbers between, but not including, any two consecutive
powers of 2, (that is, between 2" and 2"*!, not including both; for example, between
2! and 22, or between 22 and 23).

(iii) By first finding the sum of all the integers between, but not including, any two
consecutive powers of 2, deduce the sum of all the odd numbers between two
consecutive powers of 2.

[2, 4, 3 marks]

8. The points A, B and C have position vectors i+ 2j+ 3k, 2i—j+k and 5i + 2k respectively.
(a) Find the volume of the tetrahedron whose vertices are the origin O and the points A, B
and C.
[3 marks]
(b) The points A, B and C lie on the plane II,. Find the equation of I1;.
[5 marks]
(c) Find the equation of the line £, that passes through the midpoints of the line segments AB
and AC. Does ¢, intersect the line that passes through the points B and C? Explain.
[5 marks]
(d) Find the angle between the line segments OA and OB.
[2 marks]
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9. Prove by the principle of mathematical induction that for every integer n > 1:
(a) 13" —4" is divisible by 9.
[7 marks]
(b)
1 1 1 1 n

+ + +ot = :
4-12—1 4-22—1 4-32—1 4n2—1 2n+1

[8 marks]

10. A phone-store carried out a survey with 250 people to investigate their preference for three
different models of mobile phones: Model A, Model B and Model C.

9 people liked all three models.

100 people liked Model A.

e There were three times as many people who liked Models A and C but not B than there

were who liked Models A and B but not C.

Those who like Models A and C but not B were five times as many as those who liked all

three models.

150 people liked Model C.

25 people did not like any model.

The group of people who liked Models A and C but not B was exactly 50 less than the

group who liked both Models B and C.

(a) Draw a Venn diagram to represent the result of the survey.

[6 marks]
(b) A person is chosen at random from the respondents. What is the probability that this
person:
(i) liked Model B;
(ii) liked Model B given that he/she liked Model A?
[2, 2 marks]

(c) Three different people are to be chosen at random from the respondents to be given a gift
as an appreciation for their participation. What is the probability that:
(i) all three would have liked all the three models;
(i) exactly one would have liked none of the models?
[2, 3 marks]
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